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LIMIT THEOREMS FOR RANDOM ELEMENTS IN IDEALS
OF ORDER-BOUNDED ELEMENTS OF FUNCTIONAL BANACH LATTICES

I. K. Matsak! and A. M. Plichko? UDC 519.21

For a sequence of independent random elements belonging to an ideal of order-bounded elements of a
Banach lattice, we investigate the asymptotic relative stability of extremal values, the law of large num-
bers for the pth powers, and the central limit theorem.

Assume that E is a Banach lattice with norm || || and modulus |-| and X is a random element with values

1/p
in E. For arbitrary elements xq, ..., x,€ E, the expressions SUP | < p < Xk and (21 \xk \p) , 1< p<oo, are

meaningful (see [1]). Therefore, for a sequence (X,) of independent copies of X, it is natural to introduce and in-
vestigate the quantities

n 1/p
Z,= sup X, and ZP = (2 ka] .
1

1<k<n

In a separable Banach lattice, these values are Borel random elements [2].
In the present work, we establish conditions under which the following asymptotic relations hold almost surely
as n — oo:

L as, gx, ()
b’l

Z(P) o

n— 225 8,X 2)

nl/p

where —25 means the almost-sure convergence in the norm of the space E, ©X and ©pX are certain nonzero
elements in E, and b, is a numerical sequence.

By analogy with the one-dimensional case, relation (1) is called the almost-sure relative stability of the se-
quence Z,, and relation (2) is called the law of large numbers for the pth powers. Parallel with relations (1) and
(2), we also investigate conditions under which the central limit theorem is true, namely,

S, D
o G ®

D C . .
as n — oo ; here, —— denotes the weak convergence of distributions of random elements, G is a Gaussian

random element in E, and S,= zrll X;.
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The problem of generalization of one-dimensional results for the scheme of sums S, to Banach spaces has
been extensively studied in the last 25 years [3, 4]; however, we know a few works devoted to the investigation of
conditions of validity of relations (1) and (2) in the infinite-dimensional case [2, 5, 6]. The asymptotic behavior of
extremal values and the law of large numbers for random variables on the real straight line are well studied (see [7,
8] and the bibliography therein).

In what follows, we denote by E. the set of positive elements of the Banach lattice £ and by E(,) the ideal

generated by the element u € E., ie., E) ={x€ E: 3L >0, |x|<Au}. Then
| x|, = inf{A>0: |x|<Au}

isanormin E(,.
We study relations (1)—(3) under the following main condition: X € E(,) a.s. for certain u € E, or, which is
the same,

|| x]|, < = as. 4)

Below, we present necessary definitions and notation from the theory of Banach lattices. A set A of a Banach
lattice E is called order-bounded if there exists # >0 such that |x | <u forevery x € A.

We say that a Banach lattice E is ¢-complete if, for an arbitrary order-bounded sequence (x,), x,€ E, there
exist the least upper bound sup,s;x, and the greatest lower bound inf, - x,.

As an example of c-complete Banach lattices, one can mention Banach lattices dual to other Banach lattices.
In particular, a reflexive Banach lattice is ¢-complete. Any Koéthe functional space (see the definition below) is also
a o-complete lattice. The lattice C[0, 1] is not c-complete [1, p.4].

A Banach lattice E is called c-order-continuous if
infx, =0 = ||x,|| >0 as n—oe
n=>1

for every decreasing sequence x;=x, 2 ....
Kothe functional spaces are an important example of Banach lattices. Let us give its definition. Let (7, A, W)
be a complete o-finite measurable space. A Kothe functional space E on T is a Banach space (of equivalence

classes) of locally integrable functions on (7, A, 1) that satisfies the following conditions:
(i) if |x(1)|<|y(®)| ae., x(r) is measurable, and y € E, then xe E and ||x||<||y||;
(ii) foraset Ae A with W(A)< <o, the characteristic function I1(A)={I(t,A),te T} belongsto E.

The classical spaces L,(L), 1 <p <o, and a Banach space with unconditional basis (in equivalent norm) are
examples of Kothe functional spaces.
In what follows, we use the well-known statement presented below.

Proposition 1. Every separable G-complete Banach lattice is G-order-continuous [1, p.7] and order-iso-
metric to a certain Kothe functional space [1, p. 29].

A Banach lattice E is called g-concave, 1 <g <o, if there exists a constant D,y <o such that
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n 1/q
(inq)
i=1

for any finite collection of elements (x;)] < E. A Banach lattice E has a lower g-bound if there exists a constant
C(4) <o such that

n 1/q
(inq] < Dy

i=1

n

>

i=1

n 1/q
(leiq) < Gy
=

for any finite collection of pairwise disjunctive elements (x;)] < E. A g-concave Banach lattice has a lower g¢-
bound and, hence, its norm is g-order-continuous [1, p. 83]. If, in addition, the measure [ is separable, then the g-
concave Kothe space E is separable [9, p. 93].

We say that a Banach space E uniformly contains [ if there exists a sequence of n-measurable subspaces

E, c E such that the Banach—Mazur distance d (En, l:i) tendsto 1 as n — co. Every Banach lattice that does not

uniformly contain [ is g-concave for certain g <eo [1, pp. 85, 91].

1. First, we establish relation (1) in the Gaussian case for Kothe functional spaces with G-order-continuous
norm. If X is a centered (i.e., M X = 0) Gaussian random element, then all moments of its norm exist, i.e.,

M| X [¥ < oo, 0<k<oo [3,pp.257,258]. Therefore, the mean-square deviation of the random element X

X = (’Q‘)IQM |X| (5)

exists. Since My=0, My2=1, and M |y| = (n/2)""? for a standard Gaussian numerical random variable Y,

we can conclude that, for a Kothe space, this definition coincides with the standard definition, namely, ©X =

{c(z):(MX(z)z)m, teT}.

Theorem 1. Suppose that E is a separable Kiothe space with G-order-continuous norm, X is a centered
Gaussian random element in E, and condition (4) is satisfied. Then the sequence Z , is relatively stable a.s.,
i.e., relation (1), where

)1/2

(2In(n) n>3,

1, n<3,
and SX is defined by equality (5), is true.

Proof. Since there exists a measurable isomorphism from (7, A, ) onto a certain measurable space (S, X, V)

with v(S)=1 that preserves sets of measure zero, we can assume that W (7)= 1. Let us prove that

u{teT: lim Zu(®) = G(t)} =1 as. (6)

n—oe b,
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and there exists a random element Y € E such that

Zy(®) < Y(r) as. @)

b

n

forall n=1.

Since an abstract analog of the Lebesgue theorem on dominated convergence [10, p. 72] holds in Kothe spaces
with ¢-order-continuous norm, relations (6) and (7) yield (1).

For real Gaussian random variables, the property of almost-sure relative stability is known [7, p.203]. Thus,

forevery te T, we have

. Z
li 2 -o(@®)| =0 as.
n—oe| b,
Hence, according to the Fubini theorem, we get
u{teT: lim 21 - o) = 0} =1 as.
n—w| b,

Thus, condition (6) is satisfied.
Since X € E(,), we have

| X| < tu, ©=|X]|, as (8)

u’

Considering the Gaussian random element X in the normed space E,), we get [4,p.59; 11, p. 120]
P(t>s) < Cexp (—Czsz), )

where C; and C, are certain constants dependent only on the correlation operator of the random element X. We
set

o= X, 721 T = sup(zn).

n>1 n

Then, taking (8) into account, we obtain

-n

< sup (T’)u < Tolt Q.. (10)

n 1<i<n\%i

It is easy to verify that the random variable 7., is bounded a.s. Indeed, 7T, are independent copies of T, and
estimate (9) yields

P(T.>s) < zIF’(‘cn>sbn) < C3szexp(—C4s2)

n=1
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for s >1 (see Lemma 2 in [2]). This and (10) imply that the sequence (Z,/b,) is bounded, i.e., condition (7) is
also satisfied.

Corollary 1. Suppose that X =(M,) is a Gaussian random element in the space E=c,, Mmn =0, Mn,zl =

or,

and ©X =(6,) € cy. Then relation (1), where by, is defined in Theorem 1, is true.

Proof. As is known, for a sequence of random variables 1, — 0 a.s., n — oo, there exists a sequence of pos-
itive numbers u, — 0 such that M _ = sup, > |N,/u,| < as. (see [12, p.59]). This implies that, for a Gaussian

random element X in c(, there exists a positive element u = (u,) € ¢, and a bounded random variable m_ such

that |X| <n_ u as,ie., Xe Co(u)- In view of Theorem 1, this completes the proof of Corollary 1 (c, is a Kothe

space with G-order-continuous norm).
Below, we give an analog of Theorem 1 for one class of abstract Banach lattices.

Corollary 2. Suppose that E is a separable 6-complete Banach lattice, X is a centered Gaussian random
element in E, and condition (4) is satisfied. Then the sequence Z , is relatively stable a.s., i.e., relation (1),

where b, is defined in Theorem 1 and ©X is given by equality (5), is true.

Proof. Indeed, since an order isometry preserves the order, least upper bound, and greatest lower bound and is
continuous, we conclude that Corollary 2 follows from Proposition 1 and Theorem 1.

Remark 1. 1t follows from the results of [2] and Proposition 1 that, in a separable Banach lattice that does not

uniformly contain [, equality (1) holds for any centered Gaussian random element.

Below, we present (without proof) another result concerning the almost-sure relative stability of the sequence
(Zy).

Proposition 2. If E is a Banach space with unconditional basis (e,), X = Zn N,0,¢, is a Gaussian ran-

dom element in the space E, Mn, =0, MT]%, =1, ©X= chnen € E, and the components M , are independ-

ent, then relation (1) is true.

The known results concerning the almost-sure relative stability of (1) allow us to make the following conjec-
ture:

Hypothesis 1. In a separable Banach lattice, relation (1) holds for every centered Gaussian random ele-
ment X.

2. Consider the law of large numbers for the pth powers (2). In what follows, X is an arbitrary (not neces-
sarily Gaussian) random element in the Banach lattice E. We set

S,X = {Gp(t) = (m|x)]?)"”, teT}, 1<p<oo.

Theorem 2. Suppose that E is a separable Kothe space with G-order-continuous norm and X is a cen-
tered random element in E for which condition (4) is satisfied and
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M X[} < ee. (11)
Then the law of large numbers for the pth powers (2) holds for X.

Proof. Assume that L(T)=1. Asin Theorem 1, it is necessary to verify that

) (P)( 1)
nqte T: nh_I)n W (t) a.s.
and, forall n>1,
(p)
2y (’) < Y1), teT, as. (12)

Since, by virtue of conditions (4) and (11),
1XO)] < [ x]], (13)

and G,(7) exists, we establish that, according to the Kolmogorov law of large numbers [8, p. 337], for every t€ T
we have

ZP(1)
nl/p

lim

n— oo

- 0,0)| = 0 a.s.

By using the Fubini theorem, we get

Z(p)(l‘)
2D 6,0

= O} =1 as.

It remains to verify the existence of a random element Y € E for which relation (12) is true. It follows from

the definition of ZP)(r) and relation (13) that

u{te T: nh_r)nw

Z(P) 1) I/p
| nl( < ( Z X(t)"] u®) < nPu),

where

= sup( Z X(r)”)

Estimate (11) and the Kolmogorov law of large numbers yield
1N P o_ P o o
Jim ; IX;O]7 = MIIX®|I? < e as.

Hence, n << a.s. and, setting Y(¢)= nl/pu(t), we get (12).
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Recall that a random element X in a Banach space E is called pre-Gaussian if there exists a Gaussian random
element G(X) in E suchthat X and G(X) have the same correlation operator. For a centered pre-Gaussian ran-
dom element X, we define the mean-square deviation by the equality

1/2
SX = ©,X = (g) M| G(X)]. (14)

Since a separable o-complete Banach lattice is order-isometric to a certain Kothe space (Proposition 1) and
S©X =S SX foralinear isometry S, we obtain the following results:

Corollary 3. If X is a centered pre-Gaussian random element in a separable 6-complete Banach lattice

and conditions (4) and (11) are satisfied for p = 2, then the law of large numbers (2), where p =2 and ©,X
is defined by equality (14), is true.

Corollary 4. Suppose that X is a centered pre-Gaussian random element in a separable G-complete Ba-

nach lattice E and there exists u € E such that
|X| <u as. (15)

Then the law of large numbers (2), where p =2 and ©,X is defined by equality (14), is true.

In [6], the law of large numbers for squares was established for g-concave Kothe spaces. The analysis of this
result shows that it can be generalized as follows:

Proposition 3. Suppose that E is a separable g-concave Kothe space, 1 <p < g <o, and 6 ,(t)e E for
certain r> q. Then the law of large numbers for the pth powers (2) is true.

3. Consider the central limit theorem (3). First, we formulate one result obtained in [6], which is necessary for

what follows: For a separable g-concave (g < <o) Kothe space E and a centered random element X, the condition
o,(t) € E (16)
is sufficient for the validity of the central limit theorem (3).

Theorem 3. Suppose that E is a separable g-concave (g < o) Kothe space and X is a centered random

element in E for which conditions (4) and (11) are satisfied for p =2. Then the central limit theorem (3) holds
and

S, |I? )
MHHI% - M|G| (17)

as n — oo,

Proof. First, we prove the theorem under the additional condition

| X| < cu as, (18)
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where ¢ > 0 is a nonrandom constant. It follows from (18) that @qX <cu, whence, taking into account that
ue E, weget ©,X€ E.

Thus, condition (16) is satisfied, and the central limit theorem (3) holds for X.
For fixed A >0, we set

X for HXH <A,
XM "

0 for HXHM > A,

X for | X;| <A,
x® = !

]

0 for ||X; Hu <A,

MO = Mx®), 5P = Y (xX® ),
i=1

Denoting by 1(A) the characteristic function of the set A, by definition we get
‘Xi()”)‘ < Au, ‘X(M‘ < Au,

(MP| = [Mx® -mx| = [MI(]X],>A)X] < |ulMI(]X], > )] X], (19)
If condition (11) is satisfied and p =2, then estimate (18) and the central limit theorem (3) are true for the dif-

ference XM — M), According to the known result of Pisier [4, p. 278], the central limit theorem (3) holds for a
random element X if Ve>0 3L >0 such that

M| s, -5V
T <® 0

To verify (20), we use the known estimate [13]

c'M <M

U n\1/2 L

< CM

which is true for a g-concave Banach lattice (g <o) and independent random elements Y;, MY; =0. The last in-
equality and (19) yield

-5 1/2
MS,,mSn < CM (iixi—XfMJmezJ
4

n =1
L ) NE
(L5 it

IN
I
=
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n

1/2
o (1 3 1(1% 0, > 1) I Gl + ({11, >7~)Xu)2u2)

IN

172

IN

2
Gyl (2 (1X1, > 1) X2+ (a1 1, > 2) 11,
For p =2, it follows from estimate (11) that
MI([X],>MX[; > 0 as Ao,

which yields inequality (20).
The convergence of moments (17) follows from the well-known general results.

Corollary 5. Suppose that E is a separable Banach lattice that does not uniformly contain 1, and X is
a centered random element in E for which conditions (4) and (11) are satisfied for p = 2. Then the central limit
theorem (3) and relation (17) are true.

Proof. According to Proposition 1, the lattice E is isometric to a certain separable Kothe space, which does
not uniformly contain [. Since a Banach lattice that does not uniformly contain [ is g-concave for certain
q < e, we can apply Theorem 3.

In [14], for every Banach spaces that uniformly contains [, an example of a pre-Gaussian random element
bounded in norm for which the central limit theorem is not satisfied was constructed.

It turns out that, even in certain Banach spaces that simultaneously have the type 2 — 8 and cotype 2 + 90,
8 >0, there exist bounded pre-Gaussian random elements for which the central limit theorem is not satisfied [15].
Recall that a Banach space B is of the type p, 1 <p <2, and cotype ¢, g > 2, if there exists a constant C < oo
such that, for any finite collection of elements (x;) from B, we have, respectively,

n /p
< c(zx,-”]
1

™M
|

and

n

2 €; X

1

\V2

n 1/q
c(;xiq] ,

where (g;) is a sequence of independent symmetric Bernoulli random variables.
The result presented below shows that if, in a Banach lattice, we replace the boundedness in norm by the order
boundedness, then the conditions for the validity of the central limit theorem can be significantly weakened.

M

Proposition 4. Suppose that E is a separable Banach lattice and X is a centered random element in E.
Then the following assertions are true:

(i) if E does not uniformly contain I and there exists u € E, such that condition (15) is satisfied,

then X satisfies the central limit theorem (3) and
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S,

p
m| | - MGy

as n— oo forevery 1 <p<eo;

(ii) if E uniformly contains I, then there exists a centered pre-Gaussian random element X with
values in E and a nonrandom element u € E . such that condition (15) is satisfied but X does not
satisfy the central limit theorem (3).

Proof. Assertion (i) is contained in Corollary 5.
Let us prove assertion (ii). If E uniformly contains [”, then it obviously does not have any finite cotype.
Therefore, it does not have any lower g-bound [1, p.88]. Hence, for any € and n, there exists a collection (xi)?

of pairwise disjunctive elements of E such that

n

2 a; Xi

i=1

max |q;| <
1<i<n

< .
< (re)my la

for any collection of numbers (g;); [1,p.91]. Since

n

Z a; X;

i=1

n
= zai‘xi‘

i=1

for any disjunctive collection, we can assume that all x; are nonnegative.
Hence, by analogy with [16], we can conclude that, for any sequence of positive numbers o, convergent to

zero, there exists a sequence of positive elements x; € E such that |x; | = o, and the series ) x, is uncondi-
tionally convergent.

Let o= 1/Inlnln(k +15) be a sequence of independent random variables () such that P (§, =1) =
P(E,=-1)=1/In(k+7) and P(E,=0)=1-2/In (k+7). We set

According to [14], the random element X is pre-Gaussian and does not satisfy the central limit theorem. We set

u = 2 .xi.
i=1

It is clear that

|X|S Z\Xi\= X; = u,
i=1 i=1

1.e., condition (15) is satisfied.



58

DN

10.
11.
12.
13.

14.

15.
16.

L. K. MATSAK AND A. M. PLICHKO

REFERENCES

J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces, Vol. 2, Springer, Berlin (1979).
I. K. Matsak and A. M. Plichko, “On maxima of independent random elements in a functional Banach lattice,” Teor. Imov. Mat.
Statist., Issue 61, 108-119 (1999).

N. N. Vakhaniya, V. I. Tarieladze, and S. A. Chobanyan, Probability Distributions in Banach Spaces [in Russian], Nauka, Moscow
(1985).

M. Ledoux and M. Talagrand, Probability in Banach Spaces, Springer, Berlin (1991).

I. K. Matsak, “A limit theorem for the maximum of Gaussian random variables in the space C,” Ukr. Mat. Zh., 47, No. 7,
1006-1008 (1995).

I. K. Matsak and A. M. Plichko, “Bochner mean-square deviation and law of large numbers for squares of random elements” (to
appear).

J. Galambos, The Asymptotic Theory of Extreme Order Statistics [Russian translation], Nauka, Mir (1984).

V. V. Petrov, Sums of Independent Random Variables [in Russian], Nauka, Moscow (1972).

S. G. Krein (editor), Functional Analysis, Nauka, Moscow (1972).

A. V. Bukhvalov et al., Vector Lattices and Integral Operators [in Russian], Nauka, Novosibirsk (1992).

M. A. Lifshits, Gaussian Random Functions [in Russian], TVIMS, Kiev (1995).

L. V. Kantorovich and G. P. Akilov, Functional Analysis [in Russian], Nauka, Moscow (1977).

I. K. Matsak and A. N. Plichko, “Khinchin inequality and asymptotic behavior of the sums z €,X

Zh., 42, No. 5, 639-644 (1990).

S. A. Chobanyan and V. I. Tarieladze, “A counterexample concerning the CLT in Banach spaces,” Lect. Notes Math., 656, 25-30
(1978).

M. Ledoux, “A remark on the central limit theorem in Banach spaces,” Lect. Notes Math., 1080, 144-151 (1984).

S. A. Rakov, “On Banach spaces for which the Orlicz theorem is not true,” Mat. Zametki, 14, 101-106 (1973).

in Banach lattices,” Ukr. Mat.

n



