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Abstract. E. Domanskii, A. Plichko. On the limit of a "regularized solution" of

an ill-posed problem // Matematychni Studii. 4 (1995) P.75{78.

An interpretation of the limit of a "regularized solution" of a linear inverse prob-
lem with a linear regularizator is given in terms of strengthened B-solubility. The
existence of linear regularizators which are not strengthenly B-solubles for any con-
tinuous linear operator B is shown.

�¥å ©X i Y { ®à¬®¢ i ¯à®áâ®à¨,   L(X,Y ) { ¯à®áâià «ii©¨å ¥¯¥à¥à¢¨å
®¯¥à â®ài¢ § X ã Y . �®§£«ï¥¬® ài¢ïï

Ax = y, (1)

¤¥ ®¯¥à â®à A ∈ L(X,Y ) ¥ ¬ õ ®¡¬¥¦¥®£® ®¡¥à¥®£®. �¥å © � { ¤¥ïª 
¬®¦¨  ¤®¤ âiå ç¨á¥«, é® ¬ õ ã«ì £à ¨ç®î â®çª®î.

�§ ç¥ï 1([1]). �i¬'ï ¢i¤®¡à ¦¥ì Rδ : Y → X, δ ∈ �,  §¨¢ õâìáï
à¥£ã«ïà¨§ãîç¨¬  «£®à¨â¬®¬ (��) ài¢ïï (1), ïªé® sup{||Rδy − x|| : y ∈
Y, ||y −Ax|| ≤ δ} → 0 ¯à¨ δ → 0 ¤«ï ¢áïª®£® x ∈ X.

�«ï  ¡«¨¦¥®£® à®§¢'ï§ ï ài¢ïï (1) § áâ®á®¢ãîâì ¬¥â®¤ à¥£ã«ïà¨§ -
æiù [1,2], ïª¨© £àãâãõâìáï   ¯®ïââi à¥£ã«ïà¨§ãîç®£®  «£®à¨â¬ã. � ¬ ¯à¨-
¯ãáª õâìáï, é® ¯à¨ ¤¥ïª®¬ã y0 ∈ Y iáãõ â®ç¨© à®§¢'ï§®ª ài¢ïï (1). �«¥
y0   ¯à ªâ¨æi ¥¢i¤®¬¨©,   § ¤ ® ¥«¥¬¥â yδ ∈ Y i ç¨á«® δ > 0 â ªi, é®
||yδ − y0|| ≤ δ. �   ¡«¨¦¥¨© à®§¢'ï§®ª ài¢ïï ¡¥à¥âìáï ¥«¥¬¥â yδ ∈ Y .
�  ®§ ç¥ï¬ �� Rδyδ → x0 ¯à¨ δ → 0. �i¤¬iâ®î ®á®¡«¨¢iáâî ¬¥â®¤ã à¥-
£ã«ïà¨§ æiù õ â¥, é® ¯®âài¡® § â¨ ¥ âi«ìª¨ ¥«¥¬¥â yδ,   © ç¨á«® δ, é®¡
¢¨§ ç¨â¨ Rδyδ. �ª § § ç «¨ ä åi¢æi,   ¯à ªâ¨æi ¯ à  (yδ, δ) iª®«¨ ¢i¤®¬ 
¥çiâª®; ¢§ £ «i ª ¦ãç¨, ¥¬ õ ¢¯¥¢¥®áâi, é® ||yδ − y0|| ≤ δ ( £ ¤ ©¬®, é®
  ¯à ªâ¨æi y0 ¥¢i¤®¬¨©). �®¦¥ ¢¨ï¢¨â¨áì, é® ¤«ï § ¤ ®ù ¯ à¨ ¢¨åi¤¨å
¤ ¨å (yδ, δ) ¡ã¤¥ ||yδ − y|| ≤ δ ¯à¨ ¤¥ïª®¬ã y ∈ Y i y ̸= y0 (¬®¦«¨¢®,  ¢iâì
y /∈ R(A)),   à §®¬ § â¨¬ ¤«ï ¤¥ïª®£® �� "à¥£ã«ïà¨§®¢ ¨© à®§¢'ï§®ª" Rδyδ
§¡i£ õâìáï ¯à¨ δ → 0. �¥®¡åi¤® § â¨ §¬iáâ £à ¨æi limδ→0Rδyδ. � æi© § ¬iâæi
¤ ¬® iâ¥à¯à¥â æiî £à ¨æi "à¥£ã«ïà¨§®¢ ®£® à®§¢'ï§ªã" Rδyδ, ¤¥ Rδ, δ ∈ �
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{ ¤®¢i«ì¨© «ii©¨© �� ¤«ï ài¢ïï (1), yδ { ¤¥ïª¨© ¥«¥¬¥â § Y â ª¨©, é®
||yδ − y|| ≤ δ, y { ¡ã¤ì-ïª¨© ¥«¥¬¥â § Y .

�«ï �� �¨å®®¢  [3] Rδ = A∗(AA∗ + δE)−1 = (A∗A + δE)−1A∗, δ > 0,
£à ¨æï "à¥£ã«ïà¨§®¢ ®£® à®§¢'ï§ªã" õ à®§¢'ï§ª®¬ ài¢ïï A∗Ax = A∗y [3],

¥ª¢i¢ «¥â®£® ài¢ïî Ax = y, ª®«¨ KerA∗ = 0  ¡® R(A) = Y .
�ªé® Rδ, δ ∈ �, { ¤¥ïª¨©M -à¥£ã«ïà¨§ãîç¨©  «£®à¨â¬ [4] ¤«ï ài¢ïï (1),

â® §  ©®£® ®§ ç¥ï¬ y ∈ R(A) i £à ¨æï limδ→0Rδyδ ¡ã¤¥ à®§¢'ï§ª®¬ ài¢ïï
Ax = y. � § ç¨¬®, é® �� i M -à¥£ã«ïà¨§ãîçi  «£®à¨â¬¨ ¤«ï ài¢ïï (1)
iáãîâì  ¡® ¥ iáãîâì ®¤®ç á® [5, �¥®à. 13].

�®¢¥¤¥¬® â ª®¦, é® ¤«ï ¤®¢i«ì®£® «ii©®£® �� Rδ, δ ∈ �, £à ¨æï lim
δ→0

Rδyδ

¡ã¤¥ à®§¢'ï§ª®¬ ài¢ïï BAx = By ¯à¨ ¤¥ïª®¬ã «ii©®¬ã ®¯¥à â®ài B § ¢« -
áâ¨¢®áâï¬¨: D(B) = Y i KerB ∩ R(A) = 0. � £ ¤ õ¬®, é® «ii©¨¬ à¥£ã«ï-
à¨§ â®à®¬ ¤«ï ài¢ïï (1)  §¨¢ õâìáï ái¬'ï ®¯¥à â®ài¢ Rδ ∈ L(X,Y ), δ ∈ �,
â ª¨å, é® ∀x ∈ X ∃x0 ∈ X, x − x0 ∈ KerA: RδAx → x0 ¯à¨ δ → 0. �¢¥¤¥¬®
®§ ç¥ï [6].

�¥å © Z { ®à¬®¢ ¨© ¯à®áâià, A ∈ L(X,Y ), B { ¤®¢i«ì¨© «ii©¨© ®¯¥-
à â®à § ®¡« áâî ¢¨ ç¥ï R(A) ⊂ D(B) ⊂ Y i ®¡à §®¬ R(B) ⊂ Z; M(Rδ) =
{y ∈ Y : ∃x ∈ X,Rδy → x, δ → 0} { ¬®¦¨  §¡i¦®áâi ái¬'ù «ii©¨å ®¯¥à â®ài¢
Rδ : Y → X, δ ∈ �.

�§ ç¥ï 2. �i¬'ï «ii©¨å ®¯¥à â®ài¢ Rδ : Y → X, δ ∈ �  §¨¢ õâìáï
B-à®§¢'ï§®î ¤«ï ài¢ïï (1) ¯à¨ § ¤ ®¬ã ®¯¥à â®ài B, ïªé®:
y ∈M(Rδ) ⇐⇒ ài¢ïï BAx = By à®§¢'ï§¥.

�§ ç¥ï 3. �i¬'ï «ii©¨å ®¯¥à â®ài¢ Rδ : Y → X, δ ∈ �,  §¨¢ õâìáï
¯i¤á¨«¥® B-à®§¢'ï§®î ¤«ï ài¢ïï (1) ¯à¨ § ¤ ®¬ã ®¯¥à â®ài B, ïªé®
1) Rδy → x ¯à¨ δ → 0 =⇒ BAx = By;
2) ài¢ïï BAx = By à®§¢'ï§¥ =⇒ y ∈M(Rδ).

�ç¥¢¨¤®, é® ¯i¤á¨«¥® B-à®§¢'ï§  ái¬'ï ¤«ï ài¢ïï (1) ¡ã¤¥ B-à®§¢'ï§-
®î. �¡¥à¥¥ â¢¥à¤¦¥ï, ¢§ £ «i ª ¦ãç¨, ¥ õ ¯à ¢¨«ì¥. � áâã¯  â¥®à¥¬ 
¤ õ ¥®¡åi¤ã © ¤®áâ âî ã¬®¢ã, ¯à¨ ïªi© ái¬'ï «ii©¨å ®¯¥à â®ài¢ ãâ¢®àîõ
«ii©¨© à¥£ã«ïà¨§ â®à. �®  õ ¢ ài æiõî ®¤®£® à¥§ã«ìâ âã,  ®á®¢ ®£® ¢
[4].

�¥®à¥¬  1. �i¬'ï Rδ ∈ L(Y,X), δ ∈ �, X,Y { á¥¯ à ¡¥«ìi ¡  å®¢i ¯à®áâ®-
à¨, ¡ã¤¥ «ii©¨¬ à¥£ã«ïà¨§ â®à®¬ ài¢ïï (1) â®¤i © âi«ìª¨ â®¤i, ª®«¨
¢®  ¡ã¤¥ ¯i¤á¨«¥® B-à®§¢'ï§®î ¤«ï (1) ¯à¨ ¤¥ïª®¬ã «ii©®¬ã ®¯¥à â®ài
B : Y → X § D(B) = Y i KerB ∩R(A) = 0.

�®¢¥¤¥ï. �¥®¡åi¤iáâì. �áªi«ìª¨ M0(Rδ) = {y ∈ Y : ∃x ∈ KerA,Rδy →
x ¯à¨ δ → 0} { «ii©¨© ¯i¤¯à®áâià, ïª¨© ¯¥à¥â¨ õâìáï § ®¡à §®¬ R(A) ¯®
ã«î, â® ¢i ¬ õ ¢ Y  «£¥¡à ùç¥ ¤®¯®¢¥ï, é® ¬iáâ¨âì R(A). �à®áâ®à¨ X
i Y ¬ îâì ®¤ ª®¢i «ii©i à®§¬ià®áâi (¯®âã¦®áâi ª®â¨ãã¬ ). �®¬ã iáãõ
«ii©¨© ®¯¥à â®à B : Y → X §KerB =M0(Rδ) iKerB∩R(A) = 0. �®ª ¦¥¬®,
é® à¥£ã«ïà¨§ â®à (Rδ) ¯i¤á¨«¥® B-à®§¢'ï§¨© § æ¨¬ B. �¥å © Rδy → x ¯à¨
δ → 0. �áªi«ìª¨ RδAx→ x0 ¯à¨ δ → 0 ¤«ï ¤¥ïª®£® x0 § ã¬®¢®î x−x0 ∈ KerA,
â® Rδ(y−Ax) → x−x0 ¯à¨ δ → 0. �®¬ã y−Ax ∈M0(Rδ),  ¤¦¥ x−x0 ∈ KerA.

�¥à¥¢ià¨¬® â¥¯¥à ã¬®¢ã 2 ®§ ç¥ï 3. �®§¢'ï§iáâì ài¢ïï BAx = By
®§ ç õ, é® B(Ax − y) = 0, â®¡â® Ax− y ∈ M0(Rδ). �  ã¬®¢®î Rδ(Ax− y) â 
Rδ(Ax) §¡i£ îâìáï, ®â¦¥, © Rδy §¡i£ õâìáï ¯à¨ δ → 0.
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�®áâ âiáâì. �¥å © y = Ax, x ∈ X; â®¤i BAx = By. � ®£«ï¤ã   ¯i¤á¨«¥ã
B-à®§¢'ï§iáâì ái¬'ù (Rδ) ¬ õ¬® y ∈ M(Rδ). � © Rδy → x0 ¯à¨ δ → 0. �¯à ¢-
¤¦ãõâìáï ài¢iáâì BAx0 = By. �¢i¤á¨, BA(x − x0) = 0. � á«i¤®ª ài¢®áâi
KerB ∩R(A) = 0 ¬ õ¬® A(x−x0) = 0. � ç¨âì, RδAx→ x0 ¯à¨ δ → 0, ¯à¨ç®-
¬ã x− x0 ∈ KerA, â®¡â® ái¬'ï (Rδ) ãâ¢®àîõ «ii©¨© à¥£ã«ïà¨§ â®à ài¢ïï
(1). �¥®à¥¬ã ¤®¢¥¤¥®.

� ¯à æïå [7{9] «ii©i à¥£ã«ïà¨§ â®à¨ â¨¯ã ®¯¥à â®à¨å äãªæi© ¤®á«i¤-
¦¥®   ¯i¤á¨«¥ã B-à®§¢'ï§iáâì. � ª, ¤«ï à¥£ã«ïà¨§ â®ài¢ ¢¨£«ï¤ã Rδ =
ψ(A∗A, δ) [10] ¤®¢¥¤¥® [7,9], é®, ª®«¨ Rδy → x, δ → 0, â® A∗Ax = A∗y. �â¦¥,

ã æì®¬ã ¢¨¯ ¤ªã B = A∗. �®¬ã, ïªé® R(A) = Y , â® ¤«ï ¢i¤¯®¢i¤¨å à¥£ã«ï-
à¨§ â®ài¢ B = E. �«ï iè¨å à¥£ã«ïà¨§ â®ài¢ ¢¨£«ï¤ã ®¯¥à â®à¨å äãªæi©
Rδ = ψ(A, δ) [10] § «¥¦® ¢i¤ ¯®¢¥¤iª¨ limδ→0 ψ(0, δ) ¬ õ¬® B = E  ¡® B = A;
ïªé® æï £à ¨æï ¥ iáãõ  ¡® ¥áªiç¥ , â® B = E,   ïªé® ¢®  áªiç¥ ,
â® B = A [8,9]. � ª¨¬ ç¨®¬, ã ¡ £ âì®å ¢¨¯ ¤ª å ®¯¥à â®à B, ¯à¨ ïª®¬ã
«ii©¨© à¥£ã«ïà¨§ â®à ¯i¤á¨«¥® B-à®§¢'ï§¨©, ¥¯¥à¥¢¨©. � §®¬ § â¨¬ iá-
ãîâì â ªi à¥£ã«ïà¨§ â®à¨, é® á¥à¥¤ ®¯¥à â®ài¢ B, ¯à¨ ïª¨å ¢®¨ ¯i¤á¨«¥®
B-à®§¢'ï§i, ¥¬  ¥¯¥à¥à¢®£®.

�¥®à¥¬  2. �«ï á¥¯ à ¡¥«ì¨å £i«ì¡¥àâ®¢¨å ¯à®áâ®ài¢ X â  Y iáãîâì
i'õªâ¨¢¨© ®¯¥à â®à A ∈ L(X,Y ) i «ii©¨© à¥£ã«ïà¨§ â®à (R1/n) ¤«ï ài¢-
ïï (1), ïª¨© ¥ õ ¯®á¨«¥® B-à®§¢'ï§¨¬ ¯à¨ ¦®¤®¬ã ¥¯¥à¥à¢®¬ã ®¯¥-
à â®ài B.

�®¢¥¤¥ï. �¥å © X,V,W { á¥¯ à ¡¥«ìi £i«ì¡¥àâ®¢i ¯à®áâ®à¨ § ®àâ®®à¬®¢ -
¨¬¨ ¡ §¨á ¬¨ (xn), (vn) i (wn) ¢i¤¯®¢i¤®,   ®¯¥à â®à A : X → Y = V ⊕W § -
¤ ¨© ä®à¬ã«®î A(

∑
anxn) =

∑
2nanvn. �®ª« ¤i¬® Sn(

∑
aivi) =

∑n
1
2iaixi,

Tn(
∑
aiwi) = 2nanxn i R1/n(v + w) = Sn(v) + Tn(w). �®¤i ¤«ï ¤®¢i«ì®£® ¥«¥-

¬¥â  x =
∑
aixi ∈ X ¬ õ¬® R1/nAx = SnAx + TnAx =

∑n
1
aixi + anxn → x,

â®¡â® (R1/n) ¡ã¤¥ à¥£ã«ïà¨§ â®à®¬ ®¯¥à â®à  A−1. �¨¤i«¨¬® ¤¢i ¢« áâ¨¢®áâi
æì®£® à¥£ã«ïà¨§ â®à .

 ). �ii©  ®¡®«®ª  ¥«¥¬¥âi¢ (wi)
∞
1

 «¥¦¨âì ¤® M0(R1/n). �¥ ¢¨¯«¨¢ õ §
â®£®, é® R1/nwi = Tnwi = 0 ¯à¨ n > i.

¡). �«ï ¥«¥¬¥â  w0 =
∑
i−1wi ∈W ¬ õ¬® R1/nw0 = Tnw0 = 2nn−1xn → ∞.

�à¨¯ãáâ¨¬®, é® à¥£ã«ïà¨§ â®à (R1/n) ¯i¤á¨«¥® à®§¢'ï§¨© ¯à¨ ®¯¥à â®à®¢i
B ∈ L(Y,X). �®¤i ¢ á«i¤®ª ¢« áâ¨¢®áâi  ) â  ã¬®¢¨ 1 ®§ ç¥ï 3 Bw = 0 ¤«ï
¡ã¤ì-ïª®£® ¥«¥¬¥â  w ∈ lin(wi)

∞
1
; ®â¦¥ ¢ á«i¤®ª ¥¯¥à¥à¢®áâi ®¯¥à â®à  B

¬ õ¬® Bw0 = 0. �®¬ã ài¢ïï BAx = Bw0 à®§¢'ï§¥ i §  ã¬®¢®î 2 ®§ ç¥ï
3 w0 ∈M(R1/n). � æ¥ áã¯¥à¥ç¨âì ¢« áâ¨¢®áâi ¡). �¥®à¥¬ã ¤®¢¥¤¥®.

� ã¢ ¦¥ï. �¥®à¥¬  2 ¤ õ ¥£ â¨¢ã ¢i¤¯®¢i¤ì   ¯¨â ï 1 § [4]. �¨ª®à¨-
áâ®¢ãîç¨ ¡ §¨á¨ � àªãè¥¢¨ç , ¬®¦  ¯®ª § â¨, é® à¥§ã«ìâ â,   «®£iç¨©
¤® â¥®à¥¬¨ 2, ¢¨ª®ãõâìáï ¤«ï è¨à®ª®£® ª« áã ¯ à á¥¯ à ¡¥«ì¨å ¡  å®¢¨å
¯à®áâ®ài¢ X,Y .

�¨á®¢®ª. �¥å © A ∈ L(X,Y ), X,Y { á¥¯ à ¡¥«ìi ¡  å®¢i ¯à®áâ®à¨. �«ï
¡ã¤ì-ïª®£® «ii©®£® �� Rδ, δ ∈ �, § ¤ çi (1) £à ¨æï "à¥£ã«ïà¨§®¢ ®£® à®§-
¢'ï§ªã" Rδyδ ¯à¨ δ → 0 ¡ã¤¥ à®§¢'ï§ª®¬ ài¢ïï BAx = By ¯à¨ ¤¥ïª®¬ã
«ii©®¬ã (¥ ®¡®¢'ï§ª®¢® ¥¯¥à¥à¢®¬ã) ®¯¥à â®ài B § D(B) = Y i KerB ∩
R(A) = 0.
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�®¢¥¤¥ï. �¥å © Rδyδ → x ¯à¨ δ → 0 i ||yδ − y|| ≤ δ. �®¤i ¢ á«i¤®ª â¥®à¥¬¨
2.1 § [10, á.27] i ¥ài¢®áâi ||Rδyδ−Rδy|| ≤ ||Rδ||δ ¬ â¨¬¥¬® Rδy → x ¯à¨ δ → 0.
�áªi«ìª¨ ái¬'ï Rδ, δ ∈ �, ãâ¢®àîõ «ii©¨© à¥£ã«ïà¨§ â®à ¤«ï ài¢ïï (1), â®
§ ®£«ï¤ã   â¥®à¥¬¨ 1 i 2 ¢®  ¡ã¤¥ ¯i¤á¨«¥® B-à®§¢'ï§¨¬ à¥£ã«ïà¨§ â®à®¬
¯à¨ ¤¥ïª®¬ã «ii©®¬ã (¥ ®¡®¢'ï§ª®¢® ¥¯¥à¥à¢®¬ã) ®¯¥à â®ài B § D(B) = Y
i KerB ∩R(A) = 0. �¨á®¢®ª ¤®¢¥¤¥®.
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