
E X T E N S I O N  O F  Q U A S I - C O M P L E M E N T A R I T Y  I N  B A N A C H  S P A C E  

A .  N .  P l i c h k o  

C l o s e d  s u b s p a e e s  X and Y of the  Banach  s p a c e  E a r e  s a i d  to be  q u a s i - c o m p l e m e n t a r y  if  X N Y = 0 
and X + Y = E. The b a r  deno t e s  c l o s u r e  in  the  n o r m  of the  s p a c e  E. We a l s o  denote  b y  [zi]~ the  l i n e a r  hul l  
of the  e l e m e n t s  {zi} n. 

The fo l lowing  was  p r o v e d  in  [1] u n d e r  the  a s s u m p t i o n  tha t  the  s p a c e  E i s  r e f l e x i v e .  

THEOREM 1. Le t  X and Y be  q u a s i ' c o m p l e m e n t a r y  but  not  c o m p l e m e n t a r y  c l o s e d  s u b s p a c e s  of s e p -  
a r a b l e  Banach  s p a c e  E. Then  a c l o s e d  s u b s p a c e  Y C E can  be found such tha t  ~ :)Y, d i m  ~:/Y = ~ and t ha t  
the  s u b s p a c e s  X and ~ a r e  q u a s i - c o m p l e m e n t a r y .  

T h e r e  t he  fo l lowing  q u e s t i o n  was  r a i s e d :  does  the  t h e o r e m  r e m a i n  v a l i d  i f  the  s p a c e  E is  not  r e f l e x -  
ive .  In  the  p r e s e n t  a r t i c l e  T h e o r e m  1 i s  p r o v e d  wi thout  the  a s s u m p t i o n  tha t  the  s p a c e  E i s  r e f l e x i v e  and 
o t h e r  r e s u l t s  c l o s e  to i t  a r e  ob t a ined .  

LEMMA.  L e t  X and Y be  q u a s i - c o m p l e m e n t a r y  bu t  no t  c o m p l e m e n t a r y  c l o s e d  s u b s p a c e s  of Banach  
s p a c e  E. Then an i n f i n i t e - d i m e n s i o n a l  v e c t o r  s u b s p a c e  Z C E can  be found such  t ha t  fo r  any z E Z, z ~ 0, 
no bounded  s e q u e n c e s  {xn}~ c x and {y~}~ c Y e x i s t  f o r  which  Ii z,  + y~ --  z II --" 0 i f  n - -  ~ .  

P r o o f  of T h e o r e m  1. L e t  

D i = {x E X: iuf {llx - -  V U: Y ~ Y} ~> i/i}. 

Of c o u r s e ,  one has  x \ 0 = ~ D{ . Since  the  s p a c e  E is  s e p a r a b l e ,  a s e t  Di can  be  c o v e r e d  by a coun tab le  
i = l  

set of balls W l , . . . ,  W] . . . .  belonging to the space E with centers xl, . . . .  x ] ,  • • • in Di of radius 1/2i. 

The b a l l s  _W] and t h e i r  c e n t e r s  x i a r e  r e l a b e l l e d  u s i n g  a s i n g l e  index.  One ob t a in s  a s e q u e n c e  of b a l l s  
Vn c E wi th  c e n t e r s  Xn E X, wh icd  c o v e r  the  s e t  x \ 0 and  the  d i s t a n c e  of e a c h o f w h i c h  f r o m  the  s u b s p a c e  
Y i s  g r e a t e r  t han  z e r o .  

Le t  Z be  a s u b s p a c e  whose  e x i s t e n c e  was  e s t a b l i s h e d  by the  l e m m a .  A s e q u e n c e  of e l e m e n t s  { z r ~  
and c l o s e d  h y p e r p l a n e s  Hn C E, n = 1, . . . ,  ~ ,  i s  now de f ined  i n d u c t i v e l y  which  s a t i s f y  the  fo l lowing  c o n d i -  
t i ons :  

b) (Vifqx)nH~= ¢,  / ~ = i  . . . . .  n. 
c) H~ D Y + [z~]~, 

S ince  the  d i s t a n c e  b e t w e e n  a b a l l  V l and  the  s u b s p a e e  Y is  g r e a t e r  t han  z e r o  ( see  [2], Chap.  4, Sec.  1, 
C o r o l l a r y  2), a c l o s e d  h y p e r p l a n e  H i ~ Y can  be  found such  t ha t  H i ;~ V 1 = ¢ .  But H i is  a h y p e r p l a n e  and 
the  s u b s p a c e  Z i s  i n f i n i t e - d i m e n s i o n a l ;  t h e r e f o r e ,  an e l e m e n t  z I E H i (q Z ,  z i ¢ 0 can  be  found• Of c o u r s e ,  
the  e l e m e n t  z 1 and the  h y p e r p l a n e  H i s a t i s f y  c ond i t i ons  a ,  b,  and  c .  Le t  us  s u p p o s e  now tha t  the  e l e m e n t s  
{ z ~  and h y p e r p l a n e s  { H ' ~  wi th  p r o p e r t i e s  a ,  b,  c have  a l r e a d y  been  s e l e c t e d .  I t  w i l l  be  shown tha t  t he  d i s -  
t a n c e  b e t w e e n  the  s e t s  Vn+l fq X and Y + [zi] ~ i s  g r e a t e r  than  z e r o •  L e t  us  s u p p o s e  the  o p p o s i t e .  

Le t  t h e r e  e x i s t  s e q u e n c e s  {x=,}l c v,+ 1 ; q x  and t lv '+ j--=-l~ aizJ}~'~=l cY- l - [ z , ]~ ,  such  tha t  Ilx'-- ( y ' + W  ~ '  ~izJ) - .0  

f o r  n ~¢ The s e q u e n c e  {xi} ~ i s  bounded ,  and • the  s a m e  a p p l i e s  to  y~ + ~{z. ~ . S ince  Y " J=~ " 
i = l  
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[zi]~ is  f in i te -d imens ional ,  the sequence {y.~o is bounded and the sequence of n -d imens iona l  vec to r s  {(a~, 
• ="~*~ is  bounded in eve ry  coordinate .  A subsequence {(~ , .  a~ :~  • . ,  ~,,~=1 .., ~,,~=~, is now se lec ted  which converges  

coordina tewise  to a vec to r  (al, :-., a-). The dis tance between the s e t  Vn+ 1 and the s u b s p a c e  Y is g r e a t e r  

than zero;  hence, (c~ 1 . .  c~n)~ (0, 0, 0). Thus,  one has obtained //x~ Y~k ~ z ~  1 • , . . . ,  -*O f o r k - -  c o  

and the sequences  ~ ~=, and {--y~k}k=: a r e  bounded. This ,  however,  is inconsis tent  with the manner  in 

which the subspaee  Z was selected• Hence, the d is tance  between the se ts  v,+: r] x and Y + [z~]'~ is g r e a t e r  

Z than zero .  Accord ing  to [2] (Chap. 4, Sec. 1, C o r o l l a r y  2) one can always find a hyperplane  H,+: D Y + [ ~]1, 

such that Hn+: N v+ ,  = ¢. However,  ~ ~ is a subspace  of finite defect  and Z is inf ini te-dimensional ;  t h e r e -  
i = l  

fore ,  an e lement  z~+~ ~ z N ~ / / ~  , "~+: ~ [h]2 can be found. Of course ,  the e lements  .~zi~+~ and the hype r -  

planes {u~}~ *x sa t i s fy  conditions a, b, and c. 

Let  us now se t  ~ = y + I~l~. Since Z N Y = 0 and z~+l ~ [~1~, then dim = ~. To p rove  that  the 
subspaces  X and Y a r e  q u a s i - c o m p l e m e n t a r y  it suff ices  to check whether  X N Y = 0. Let  us suppose 
the opposi te ,  that is ,  t h a t z ~ o , ~ X N ~ .  T h e n a b a l l v ~ :  a n d a h y p e r p l a n e  H n D Y +  [zi]~ exis t  such 
that  H n/D V n = #. An incons is tency has  been a r r i v e d  at. 

COROLLARY. Let  X and Y be q u a s i - c o m p l e m e n t a r y  but not c o m p l e m e n t a r y  c losed subspaces  of 
s epa rab le  Banach space  E. Then a closed infinitely d imensional  subspace  Z C E can be found such that 

n (x +v) = o. 

Indeed, the r equ i red  space  : can be given by the quas i -eomplememt  of the subspaee  Y in the space  : .  

THEOREM 2. In eve ry  infinitely d imensional  Banach space  E there  exis ts  a vec to r  subspace  M of 
infinite defect  fo r  which no c losed infinitely d imens ional  subspace  Z can be found such that  Z N M = O. 

In conclusion,  the author  would like to e x p r e s s  his thanks to Yu. L Petunin and M. L Kadets  fo r  the i r  
valuable  advice.  
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