
NONNORMALIZING SUBSPACES AND INTEGRAL OPERATORS WITH 

UNREGULARIZABLE INVERSE 

A. N. Plichko UDC 517.982 

Let X be a Banach space and X* its adjoint space. We say that a subspace F c X* is 
normalizing if the seminorm 11ixlll = sup{If(x) i: f ~ F, lifll <- i} is a norm equivalent to 
the original norm llxli of the space X. Otherwise F is said to be nonnormalizing. According 
to a theorem of Davis and Lindenstrauss (see [I], p. 78), under the condition dim X**/X = 

(a Banach space is identified with its image in the second adjoint space) X* contains a 
nonnormalizing total subspace F. The fact that F is total means that for any x ~ X, x # 
0, there is a functional f ~ F with f(x) # 0. Let A be a linear continuous injective ope- 
rator from the Banach space X to a Banach space Y. The inverse operator A -I is said to be 
regularizable if there is a family of mappings R~." Y § X, 5 ~ (0, 50) , such that for any 
x ~ X 

s u p  {llx - R~yll : y , ~  Y, [ly - Axil <~ 8} -+  0 a s  5 -+  O. 

In [2, 3] examples have been published of integral operators in separable spaces with non- 
regularizable inverse. 

We shall prove a generalization of the theorem of Davis and Lindenstrauss for separable 
spaces and on the basis of it we shall obtain whole classes of function spaces on which 
there are integral operators with nonregularizable inverses. From this as special cases 
there will follow the examples from [2, 3]. We can regard Theorem 1 below as a new shorter 
proof of the theorem of Davis and Lindenstrauss, and from Theorem 2 there will follow to 
some extent an answer to the question posed in [3] of an explicit form of an integral opera- 

tor from L 1 to L 2 with a nonregularizable inverse. 

We denote by M • the annihilator in X* of a set M c X, and by M T the annihilator in X 
of a set M c X*; [Xn]1 ~ is the closed linear hull of the sequence (Xn). The angle between 
the subspaces Y and Z of a Banach space X is the quantity inf{lly - zJl: y ~ Y, z ~ Z, 
FJyll = ilzll = I}. If two closed subspaces intersect trivially, then the angle between them 
is greater than zero if and only if their sum is closed. As we know, a total subspace F c 
X* is normalizing if and only if the angle between the subspaces X and F i of X** is non- 
zero ([i], p. 32). The following two assertions are well known. 

LEMMA i. Let X be a closed subspace of a Banach space Y, and Z an infinite-dimensional 
subspace of Y that intersects X trivially. Then Z contains an infinite-dimensional subspace 
Z 0 whose closure intersects X trivially. 

LEMMA 2. Let X be a separable locally convex topological vector space, Z a finite- 
dimensional subspace of it, and V a closed convex bounded subset of X with V n Z = ~. Then 
there is a functional f E X* that strictly separates V and Z. 

THEOREM I. Let X be a separable Banach space, let F be a total subspace of X*, and 
suppose that dimX**/(F i + X) = ~. Then F contains a total nonnormalizing subspace. 

Proof. By the remark before the statement of Lemma 1 the sum F • + X can be assumed to 
be closed. By Lemma 1 there is a closed infinite-dimensional subspace Y c X** that inter- 
sects F i and X trivially, we choose normalized basic sequences (Xn) in X and (Yn) in Y 
([4], p. 4). According to the theorem on stability of the basis ([4], p. 5) there is a se- 
quence a n > 0, Zna n < ~ such that z n = x n + anY n is a basic sequence, and the sum F i + Z, 
where Z = [Zn]l ~, is closed. We show that F i N (Z + X) = 0. For suppose that (p-----E~b~z~q- z, 

~ F • x~ X. Then ~--~ bnxn--x = E bnanyn, so all the b n are zero and (p = x = 0. We 
n 

also note that by construction every infinite-dimensional subspace Z makes a zero anglewithX. 
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From what we have said above, we can regard X + Z as a subspace of F*, endowed with the 
weak topology w(X + Z, F). The space X will be a closed subspace of F* in the norm of F*, 
and according to Lemma 1 Z contains an infinite-dimensional subspace Z 0 whose closure in 
F* intersects X trivially. We cover the set X\0 by a sequence of balls V n of the space X + 
Z0, closed in the norm of F*, in such a way that V n N Z 0 = ~ for any n. Obviously all the 
balls V n are bounded and closed in the topology w(X + Z, F). 

We construct sequences z n ~ Z 0 and fn ~ F for which for any n 

i) Zn ~ [zi]1 n-l, z n ~ [(fi)zn-z] i, 

2) fn strictly separates V n and [zi]1 n. 

We complete the construction as follows. We choose z z ~ Z0, z I # 0. By Len~na 2 we sepa- 
rate the subspace [z~] and the set V I by a functional fl ~ F. Suppose that for n - 1 
the elements have been constructed. The subspace Z 0 N ([fi]zn-1) i is infinite-dimensional, 
so we can choose an element z n with the condition i. By Lemma 2 we separate the set V n 
and the subspace [zi]1 n by a functional fn" 

We put G : lin (fn)l ~. Since G• Vn)=f2J we have G i N X : 0, so the subspace Gis 

total. But since G i n Z m (Zn)1 = is infinite-dimensional, G is nonnormalizing. 

Let us recall some other definitions. A Markushevich basis of a Banach space X is a 

sequence (Xn, fn), Xn '~ X, fn ~ X* such that fn(Xm) = dnm (d is the Kronecker symbol), 
[Xn]z ~ = X and [fn]z ~ is a total subspace. Let X be a Banach space of functions, say on 
the interval [0, i], that are algebraically, topologically and densely embedded in Ll[0, 
I]. We denote by X' the space dual to X, that is, the collection of all functions y(t), 

m e a s u r a b l e  on [0 ,  1 ] ,  f o r  wh ich  sup x ( t ) y ( t ) d t < ~ :  Ilzll<l < ~ .  The s p a c e  X' i s  n a t u r a l l y  

i d e n t i f i e d  w i t h  t h e  s u b s p a c e  X*. S i n c e  L~[O, 1] = LI[O, 1 ] '  i s  t o t a l o n  L~,i t  i s  a f o r t i o r i  
t o t a l  on X. A l s o  we assume t h a t  L~[0 ,  1] i s  a l i n e a r  s u b s p a c e  o f  X*. A Banach s p a c e  X o f  
m e a s u r a b l e  f u n c t i o n s  w i t h t h e c o n d i t i o n  Ix(t)[  ~ ly ( t ) [  almost everywhere, y ~ X ~ x ~ X, 
Ilxll ~ Ityll, i s  c a l l e d  an i d e a l  Banach s p a c e .  We s a y  t h a t  t h e  norm o f  an i d e a l  s p a c e  i s  a b s o -  
l u t e l y  c o n t i n u o u s  i f  f o r  any  x e X and any  d e c r e a s i n g  s e q u e n c e  o f  m e a s u r a b l e  s e t s  E n w i t h  
empty intersection IlXEnXIIx ~ 0 as n + ~. 

THEOREM 2. Let X and Y be separable Banach spaces of functions on [0, i] that are 
algebraically, topologically and densely embedded in Lz[0, I] and suppose that dim X**/(L~ 

[0, i] • + X) = ~. Then there is a compact injective integral operator from X to Y with 
nonregularizable inverse. 

Proof. By Theorem 1 we find a total nonnormalizing subspac e F c L~[0, i]. Because of 
[4], p. 43, there are Markushevich bases (Xn, fn), Xn ~ X, IIXnll = i, fn ~ F, and (Yn, gn), 
Yn '~ Y, IIYnll = i, gn '~ Y*- For any x ~ X we put 

1 

A x =  2~III .[IL~ ~ Yn= 2n I]/n IILoo ,~n (t)" ( l )  
'n=l  " n = l  

The o p e r a t o r  A i s  i n j e c t i v e  and c o m p a c t ,  and i t s  i n v e r s e  i s  n o n r e g u l a r i z a b l e  ( [ 1 ] ,  p .  190) .  
1 

Since ilYnllL1 ~ ilYnll Y = 1 and ,ll/n(s)x(s)Ids ~ll/,JL~llxllLI the symbols of summation and integra- 
0 

tion in (i) can change place: 

= x (s) ds .  
o L,~=~ 2" II & I[L~ 

Consequently, A is an integral operator. 

COROLLARY I. If the separable spaces of functions X and Y are algebraically, topologi- 
cally and densely embedded in L I, and X is not isomorphic to the adjoint space, then there 
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is an integral injective operator from X to Y with nonregularizable inverse. 

Proof. It is sufficient to verify that under the conditions of Corollary 1 dimX**/ 
(L~[0, I]I + X) = ~. But otherwise there is a weakly* closed subspace L~ • c Z c X** with 
the condition Z | X = X**. Then (zT) * is isomorphic to X. 

In particular, for X we can take the spaces C (n), n = 0, ~, the Lipschitz spaces lips, 
0 < = < i, or the space LI[0 , i]. 

Remark. Menikhes [2] constructed an example of an integral operator from C to L 2 with 
an infinitely differentiable symmetric kernel. It is not difficult to see that this can be 
achieved in our construction [in the proof of Theorem 2 instead of the Markushevich basis 
(Xn, fn) we can take a total biorthogonal system]. In fact, the idea of using biorthogonal 
systems to construct integral operators is taken from [2]. 

COROLLARY 2. Suppose that the function spaces X and Y are algebraically and topologi- 
cally embedded in Lz, and that X is a nonreflexive ideal space with absolutely continuous 
norm. Then there is an integral injective operator from X to Y with nonregularizable in- 
verse. 

Proof, As we know, under the conditions of Corollary 2, X' = X* ([5], p. 65) and dim 
X**/X = ~ ([6], p. 35). We construct an operator A: X + Y by formula (i), taking for F 

I 

any nonnormalizing subspace of X*, and taking llfnliX* instead of llfniIL~. Since ]I~(s)z (~Ids 

<~l~lllx.~}zI~x=]I/nllx.~x h the symbols of summation and integration in (i) can again 
change places, and we obtain an integral operator. 

Under unimportant additional restrictions the integral operator is completely continu- 
ous ([7], p. 156). If, in addition, it is defined on a nonseparable space of functions on 
[0, I], then its inverse is not regularizable [8]. 

i. 

2. 

3. 

4. 

5o 

6. 

7. 
8. 

LITERATURE CITED 

Yu. I. Petunin and A. N. Plichko, The Theory of Characteristics of Subspaces and Its 
Applications, Vishcha Shkola, Kiev (1980). 
L. D. Menikhes, "On the regularizability of mappings inverse to integral operators," 
Dokl. Akad. Nauk SSSR, 241, No. 2, 282-285 (1978). 
V. A. Vinokurov, E. N. Domanskii, L. D. Menikhes and A. N. Plichko, "On some problems 
of linear regularizability," Dokl. Akad. Nauk SSSR, 270, No. i, 31-34 (1983). 
J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces. I, Springer, Berlin-New 
York (1977). 
S. G. Krein, Yu. I. Petunin and E. M. Semenov, Interpolation of Linear Operators [in 
Russian], Nauka, Moscow (1978). 
J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces. II, Springer, Berlin-New 
York (1979). 
Functional Analysis [in Russian], Nauka, Moscow (1972). 
V. A. Vinokurov, "On a necessary condition for Tikhonov regularizability," Dokl. Akad. 
Nauk SSSR, 195, No. 3, 530-531 (1970). 

689 


