REFLEXIVITY AND QUASIREFLEXIVITY OF
TOPOLOGICAL VECTOR SPACES

A. N, Plichko UDC 519.9

Suppose E is a separated locally convex topological vector space, E' its dual, and E" its bidual.
Recall that E is said to be reflexive if K(E) = E", where K(E) is the image of the canonical embedding of
E into E", and the strong topology B(E, E') coincides with the original topology of E. In the sequel we will
identify E with its image K(E).

A separated locally convex topological vector space E is called quasireflexive if it is a closed sub-
space of finite deficiency in its bidual E" and the strong topology B(E, E') coincides with the original topo-
logy of E.

An example of a quasireflexive topological vector space that is not isomorphic to a Banach space is
the Cartesian product B X E of a quasireflexive Banach space B and a reflexive topological vector space E
that is not isomorphic to any Banach space.

This paper contains several generalizations of the results of [1]-[3] to topological vector spaces.

1. THEOREM 1. For a separated locally convex topological vector space E to be reflexive it is
necessary and sufficient that it be barreled and that any bounded closed convex set V << E be closed in any
separated locally convex topology I' on E that is comparable with the original topology of E.

Necessity. If E is reflexive, then it is barreled [4, Chap. IV, §3, Theorem 2]. Suppose I' is a
separated locally convex topology on E that is weaker than the original. Denote by ET the space E with
the topology T', and by ET its dual. It is obvious that each linear functional defined on E that is continuous
in the topology I" will also be continuous in the original topology of E. Thus, E'r < E'. Since E is reflex-
ive, any bounded closed convex set V < E is compact in the weak topology o(E, E'), hence also in the top-
ology o(E, ET). Thus the set V is closed in the topology ¢(E, ET), hence also in the topology T'.

Sufficiency. Suppose E is nonreflexive. If it is not barreled, then sufficiency is proved. Assume
that E is barreled. Then there exists a bounded closed convex subset V < E, 8€V, that is not compact
in the weak topology o(E, E') [4, §3, Theorem 2]. Since the closure V of V in the topology a(E", E') is
compact [4, §2, Corollary 2], it follows that V contains an element xy € E. Take x,€E, x, @V, and z
=x,—xy. Let Mgn = {x'€E':(x', ") = 0}. We introduce on E the weak topology ¢(E, M%) defined by
the duality between E and Mgvr. It is easy to verify that o(E, Mgn) is a separated locally convex topology
on E that is weaker than the original, and the closure of V in this topology contains the element x,.

The theorem is proved.

Note that the conditions of the theorem are independent. The existence of nonreflexive barreled
spaces is obvious. An example of a nonreflexive space E in which any bounded closed convex set V< E
is closed in any separated locally convex topology I' on E that is comparable with the original is an infinite-
dimensional reflexive Banach space with the weak topology o(E, E').

2. We now turn to the study of quasireflexivity of topological vector spaces.

Definition. Suppose E is a separated locally convex topological vector space, and M' a subspace of
the dual space E!' that is everywhere dense in the weak topology o(E', E). Denote by 8(E, M') the topology

Kiev State University. Translated from Ukrainskii Matematicheskii Zhurnal, Vol. 27, No. 1, pp.
24-32, January-February, 1975. Original article submitted June 18, 1973.

© 1975 Plenum Publishing Corporation, 227 West 17th Street, New York, N.Y. 10011. No part of this publication may be tjepmfiuc.ed,
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopym,g, microfilming,
recording or otherwise, without written permission of the publisher. A copy of this article is available from the publisher for 315.00.

16



on E with a neighborhood base of zero consisting of the polars of the sets V' | M', where V' ranges over
the bounded subsets of E'. We say that the subspace M' has characteristic zero if the topology 3(E, M")
is weaker than the strong topology B(E, E').

THEOREM 2. I a space E is quasireflexive, then the dual space E' contains no subsapce of charac-
teristic zero that is everywhere dense in the weak topology o(E', E}.

Proof. Suppose M' is a subspace of E' that is everywhere dense in the weak topology ¢(E', E),
Since E is quasireflexive, it has the form

M ={CE (£, %)) =0,...,(x,£) =0},

where x{, ..., x{; is a finite set of elements of E". Denote by M'? the linear hull of the elements %y, ...,
xi. Let Xi, ..., X} be a set of nonzero elements of E' for which Kxi, xi')l =1,i=1, ..., k. Consider
the neighborhood Wy’ = {x"€E" : Kxj, x")I =1, i=1, ..., k} and its polar in E'. The polar of Wyis a
bounded subset of E', hence for any bounded subset U’ < E' the union V' = Wa U U’ will also be bounded.
If the subsets Uy, (@ €I) form a base for the bounded sets of E', then the subsets Vg = Wy U Uy, a €1, will
also form a base for the bounded sets of E'. Consider the polar of the set V' {1 M' in E". Since M"is
locally compact, V'®and M'? are closed in the weak topology ¢(E", E'), and V'° = W}?, we have

VoMY =V'yMC

If the subsets ‘V& = Wb U U('I, o €], fofcm a base for the bounded sets, then their polars in E form a neigh-
borhood base of zero in the strong topology S(E, E'), and the subsets (Vy, N Mg = (v + MO0 Ea
neighborhood base of zero of the space E in the topology B(E, M'}. Assume that the topology B(E, M'} is
weaker than the topology 8(E, E'). Then there exists a neighborhood V(')O of zero such that for any « €1
there exists xu €(V)) + M'%) N E and x, € V,°. We have

KXo :!/; +Z;$ y;EV(,ZD9 Z;'.EM,Os

and since the net {y,} tends to zero, it follows that from some o, on we have zy @ (1/2)V} for o > g
Select from the net {xy} the subnet {x5} = {xa 1@ >y, a€I}. Since V] is balanced, it follows that if 0
= A =1, then Ay% EV&O. For each z%‘we select Ay €[0,1] so that

" . ” 1.,
;\,aZa € V 0, }\EZ& £ -—2‘ Voo.

Since V"= W® and the set W," ) M'C is bounded, the net { gz} has a subnet converging in the strong
topology B(E", E') to a2 nonzero element z{,’. But the net {Aay&} converges to zero, hence from the net
{Ayxy} we can choose a subnet converging to the element zg €M'0 in the strong topology B{(E", E'), which
contradicts the fact that the space E « E" is closed. The theorem is proved,

3. We will now prove several propositions which will be needed laier.

LEMMA 1. Suppose E is a barreled space and I a barreled subspace of E. If the dual space F' con-
tains a subspace M' of characteristic zero that is everywhere dense in the weak topology ¢(¥', F), then
the dual space E' contains a subspace of characteristic zero that is everywhere dense in the weak topology
o(E', E).

Proof. As is well known, the subspace F' can be identified with the quotient space E'/F'. Consider
the preimage K~'(M') of the subspace M' < E'/F° under the canonical embedding E' ¥ E'/F’, 1t is easy to
see that the subspace K~1(M") is everywhere dense in E' in the weak topology ¢(E', E). If the topologies
B(E, E') and B(E, K’i(M')) were equivalent, then the restrictions of these topologies to F would also be
equivalent. Since E and F are barreled, the restriction of the topology B(E, E') to F coincides with the
strong stopology g(F, F'). Since the canonical embedding K is continuous, the restriction of the topology
B(E, K~1(M")) to F is not stronger than the topology 8(F, M'"). The topology B(F, F') is stronger than the
topology B(F, M'); hence the topologies 8(E, E') and B(E, K~1(M')) are not equivalent. The lemma is
proved.

LEMMA 2, Any complete nonreflexive barreled space E contains 2z bounded sequence {xn} having
no limit point in the weak topology o(E, E').

Proof, It follows from Theorem 2 of [4, Chap. IV, §3] that E contains a bounded closed subset W
that is not compact in the weak topology o(E, E'). It follows from {4, Chap. IV, 82, Exercise 15(b)] that
W contains a sequence {xp} having no limit point in the weak topology o(E, E')., The lemma is proved,
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LEMMA 3. Any complete nonquasireflexive barreled space E contains a closed separable subspace
F such that dim F"/F = =,

Proof. We will construct a sequence of closed separable subspaces Fy, < E such that En+y o Fp
and dim Fp/Fp = n. Then the closure F = (J Fy of their union will be the desired subspace. We take as Fy

n
the closed linear hull of the sequence {xj} of Lemma 2. It is easy to see that dim Fj/F; = 1,

Suppose we have constructed subspaces Fj (j =1, ..., n) with the required properties. If dim Fp
/Fp ==, we may regard the construction as finished by putting Fj = F, for j > n. Thus, suppose dim Fp
/Fp =k <=, We will show that the quotient space E/Fp, is nonreflexive. The bidual of E/Fn is E"/Fyp,
where F}'l coincides with the closure of Fy in the weak topology o(E", E'). If E/Fn coincided with its bidual
E"/Fy, then each element x" + Fj, of E"/F) would have the form x + Fy, x€E, hence each element x" €E"
could be represented in the form x" = x + X", x€E, X" GF{'I. But dim F}']/Fn =k < %, hence dim E"/E =k
< o, which contradicts the fact that E is nonquasireflexive. Hence E/Fjp is a nonreflexive barreled space.
By Lemma 2, we can choose in it a bounded sequence xj + Fy having no limit point in the weak topology
o(E/Fn, (E/Fp)'). In view of the completeness of the bidual of E"/Fy in the weak topology o(E"/ Fn, (E
/Fn)'), this sequence has a limit point X"+ Fp in E"/Fp. Choose a representative X" of the class X" + Fp
and representatives xj of the classes xj + F. Let Fp4y = L{xj} + Fp be the closure of the sum of the sub-
spaces Fn in the linear hull of the sequence {Xi} . We will show that

dim £, /F, | > dimF/F, + 1.

Since Fp+1 = Fp, it suffices to verify that X" belongs to Fp .4 and does not belong to Fn+4 + Fp. If X" did
not belong to Fp 44, then since F}'I.H is closed in the weak topology ¢(E", E') there would exist an element
x€E' sueh that {xg, ®") # 0, xg€ F} +1, where F}+ is the polar of Fy +; in the dual space E' The ele-
ment x; can be regarded as a continuous linear functional on E/Fn. Then xplxi + Fp) =0 (G =1, ..., =),
xo(x" + Fn) # 0, which contradicts the fact that the element X" + Fn is a limit point of the sequence x1 + Fn
in the weak topology cr(E" / Fn, (E/Fn)'). We will now show that ¥ @ Fy+1 + Fn. &' =x +x", where
X€Fp +1, X"€Fn, then X"+ Fp = (x + Fp) + (x" + Fp) and the sequence {x1 + Fp} has as a limit point the
element (x + Fp) + (x" + Fp). But x" + Fjj = F}'l, hence the element x + Fn is a limit point of the sequence
{xi + Fn}, which contradicts the choice of {xj + F}. The lemma is proved.

LEMMA 4, Any complete nonreflexive barreled space E contains a balanced convex neighborhood V
of zero such that for any finite set %, ..., xk in E’

(KeE:(x,x)=0,....(xx) =0 NV, {xCE: (x,x)) =0,..., (x, x;)=0}.

Proof, The proof follows immediately from the fact that the original topology of E does not coincide
with the topology o(E, E').

We introduce the following notation: V% is the closure of the neighborhood V = E in the weak topo-
logy o(E", E"),

Mx‘ll...x: = {xl E E' : <x" x;) = 01 ceny (X', x:) E5 0},
Hor o =¥ €E" (&, %)) =0, (x',7) = 0},

and py(x) is the gauge function of V.

LEMMA 5. Suppose E is a complete nonquasireflexive barreled space, %y , ..., Xg a finite set of
elements in E™, x|, ..., Xy a finite set of elements inE", the subspace Mg/, ..xy is everywhere dense in
E' in the weak topology o(E', E), V is a neighborhood of zero in E, 'end V, is the neighborhood whose exis~
tence was estabhshed in Lemma 4. Then there exists an element xy 14 EHX'" Xg such that xp+; @ E
+ L&, ve.s Xp)y Xp+1€ VI L S everywhere dense in E' in the weak topology ¢(E',E), and
there exists an element x€E for which x§ —x€V 0,

Proof. Since E is nonquasireflexive, the subspace Hy[" | xJ contains an element x" not belonging to
E+L (xl', cens xr) It follows from the f1n1te-d1mens1onal1ty of E"/Hy!" | xg and the choice of V, that
there exists an element x € 2V, x€Hy/,, xg NE. We can obviously ¢ oose & > 0 so small that the ele-
ment xy.4+4 = x + €x" will possess the requu'ed properties. The lemma is proved.

LEMMA 6. Suppose E is a barreled space, H a linear subspace of E" containing E, Xy enes Xp 2
finite set of elements in E", V' a bounded closed convex balanced subset of E', and VO its polar in E",
If inf {py'o(x"—Y"): y"€H, pyroly") = 1, x"€Lx{, ..., Xp)} = @, @ = 0, then the closure of the set
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A/a)V' 1 Mg!, .. xp N My{., vk in the weak topology o(E', E) contains V' {] Myl ..y} for any finite set ¥i,
" .
sees Vi in H.

Proof. Since the set (1/a)V' Mx].. ﬂ My, ..yj is convex, it suffices to show that there exists
ne element xéEV N My, ..yj that can be strongly separated from the set (1/a)V' (| Mx]. .. x} 1 My, , vk
by a hyperplane that is closed in the weak topology ¢(E', E). Without loss of generalily, we may assume
that py'(x)) = 1. Assume there exists an element x€E for which

N L
sup {(X!, X ) X' e -EV N Mx‘;z: nMy';y;} <1,
{x, x}) =1. Then the linear manifold N' = {x'€E' :{x, x') = 1}/l Myl . vi strongly separates x; and (1/a)V'
N Mg/, . .xp N Myj. . yf in the subspace Myl yke Since the set (1/a)V‘ N My}, ..x} is closed and convex
in the strong topology /3(E' E) and does not contain xo, then, by the Hahn—-Banach theorem, N' can be ex-
tended to a hyperplane N which is closed in the strong topology 8 (E‘ E) and strongly separates xo and
1/a)V' 1 Mx!, ., x". Since N' is closed in the topology o(E', E + L&y, vees Yk)) and has finite deficiency,

.
the hyperplane N'is also closed in the topology o(E', E + L(V{’, vees Vi), i.e. has the form

, N ={x": (& gp) =1},
where y, = Agxp + 2 Afy{. Itis easy to see that (x;, yo) =1, sup {{x', yp):x'€(1/a)V' [} Mg], x} <1,

or sup{{x', yp7: 2 €V My]...xh} < @a. Consider the restriction of the functional y; to the subspace
Mx{.,..xy. By the Hahn—-Banach theorem, this restriction can be extended to a linear functional §; defined
on all of E, in g such a way that sup {(x', yo) x' €V} < a. Since the subspace Mg/, x) has finite deficiency,
the functional yo is continuous. The element x" =y; — yo obviously belongs to the subspace L%y, oves
XI‘)’

sup{(x’, 7)1 X" €V} > (x5, yp) =1 and g€ H.

S1nce pva(y") =sup {{y', y"):y'€V'}, we obtain inf {pyr0(x" —y") :y" €H, pyr0G") = a, x"€L(xy, ...,
)} = pv!o(y(,) < g, which contradicts the hypothesis of the lemma. The lemma is proved.

From now on we will assume that E is a Fréchet space, Vi, ..., Vp, ... a countable base of closed
convex balanced neighborhoods of zero in E such that Vj o Vj+4. It is easy to see that their closures V‘im
in the weak topology ¢(E", E') form a countable neighborhood base of zero in the strong topology of E",

THEOREM 3, For any nonquasireflexive Fréchet space E the dual space E' contains a subspace M'
of characteristic zero that is everywhere dense in the weak topology o (E', E}).

Proof. A Fréchet space is barreled, and a closed subspace of a Fréchet space is again a Fréchet
space. Hence, in view of Lemmas 1 and 3, we may assume that E is separable. By Proposition 3 of {4,
Chap. IV, §2], the dual space E' is the union of bounded sets V° that are metrizable and separable in the
weak topology o(E', E). Let x“, ..., X' be a countable set that is everywhere dense in E' in the weak
topology o(E', E). Without loss of generality, we may assume that x'1€V° The construction of the sub-
space M' will be carried out inductively.

"o

1. There exists an element x{ EE" satxsfymg the following conditions: x{ & V% 5, M €Myl % € E;
there exists an element x{ €E such that x; —x; €V{’, To demonstrate the existence of % it suffices to
apply Lemma 5. The element x; possesses the following properties.

a) There exists an element x{ €E® such that (xy, x;') = 0. This follows from the fact that x{ & E.

b) There exists a neighborhood Wy < V; of zero such that

' a, = inf {pW?D " —y") g€ Hx.;’, Py0 W= 1, x"¢L{x)}==0.
Indeed, we can take as Wy any nelghborhood of zero whose closure in the topology o(E", E'} is conmined
in the set V' {x"€E" :[(x", Xq (1= 1}. Lemma 6 implies that the closure of (1/a))W} N Mxi 0 M . aYk

"

contains W{ N My, .. yp for any set Vis oees yk in Hxq .

¢) We introduce on the bounded set W{ a metric p; equivalent to the weak topology ¢(E', E). The
previous property implies the existence of an element x;*€ (1/ay)W{ for which p,(x}!, x') = 1.

We will give two illustrations of the second step of the inductive construction.
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2, There ex1sts an element xz €E" satisfying the following conditions: x2 Z Vo ; xiiﬁMXi'xé', Xg EHX"‘
{x", x'% = Mx ; x; € E + L(x{); there exists an element x,€E such that x; —x,€ VY, To demonstrate the
existence of x; 1t suffices to apply Lemma 5.

The element x, possesses the following properties.

a) There exists x216 (1/a)Wi n Mx %) for which p1(x ) xéi) =1/2. The ex1stence of such an element
follows from Lemma 6, the role of the set y;, ..., yk being played here by x; .

b) There exists an element x; €E® for which (x{, x;) =0, (xj, X;) = 0. This follows from the fact
that x5 ¢ E + L(x{) and E? is infinite~-dimensional,

¢) There exists a neighborhood Wy <= V, of zero for which
a2 = lnf {pwgo (x” - y”) H y” E HX‘l”x.’;", pro (y”) > 1, x,’ E L (x’l,, x;)} # 0.

Indeed, we can take as W, any neighborhood. of zero whose closure in the topology o(E", E') is contained in
the set VI’ N {x"€E": [{x", x{")| =1, Kx", x;')| = 1}. Lemma 6 implies that the closure of (1/a;,)W}
N M%) N My, .y in the weak topology o(E', E) contains Wj 1 My .y for any set y{, ..., yk in

”om
HXIXZ .

d) We introduce on the bounded set Wg a metric p, equivalent fo the weak topology o(E', E). The
previous property implies the existence of an element x,€ (1/a5)W3 N Mx]x] for which p,(x'?, x%) = 1/2.

Consider the n—-th step of the inductive construction. Suppose that after the (n—1)-st step of the in~-
ductive construction we have sets {xy, ..., xn~1} < E; {x{, ..., xp-1} = E"; {x{", ..., xp-4} = E
{=Y, sl oo, xbgs xh X ., xhgs s xg}‘ii} — E'; neighborhoods Wy Vi, ..., Wp-1- < Vp-13
numbers ay, ..., ap-y unequal to zero; and metrics p;y, ..., pn—-y equivalent to the weak topology o(E', E)
on the bounded sets (1/a1)Wf, ey (1/an-1)W%_1 possessing the following properties:

1) GEVE 1 —x eV i=1,...,n—1;
N2 . _ _ ,
{xwxﬂ""’xn«l'xwxa"' X 22,,‘{"_‘2,}("" 1]}CM e, 1; {=,
2 ' " e .
) _.,x‘}CMxi,xiethtﬂ; xieHx""...x;.” l; xiEE—i-L(xx,...,xi_‘), Lzl.
o n—1;

3) the closure of the set (1/ag)W} (i Mx]\..x! N My, ,.yf contains W° N My, ..y} for any set Vi Vi
in H """Xgl =1, n— 1),

" P x) S Lip (R XN K ie 0 (L ) < s

...................

[ (X n—l x n—-l) <

n—1? n—1"
Then there exists an element xp €E" satlsfymg the following condmons o & VO s {xit ... by
X2 vens 'n'I} < Mg]. {x" e X n} < Mgl xn €Hx" | xp13 xn @F + L(xi, ..., Xp-y); there

exists an element xn(EE suc}lll that xn— xp€VY. To demonstrate the existence of xp it suffices to apply
Lemma 5.

The element xy possesses the following properties.

a) There exists an element xpq € (1/aq)W8l 0 My, .. x} for which pq(x'q, xilq) =1l/n(@=1, n—1).
The existence of such elements follows from Lemma 6.

" "

b) There exists an element xp €E® for which (xy, xp) =0, ..., {xp-y, Xn) =0, {xp, x
follows from the fact that xn € E+L(x, ..., xp-y) and E® is infinite-dimensional.

n’ # 0. This

¢) There exists a neighborhood Wy, — Vp of zero for which
a, =inf{pyo(*"—y):4 € er;, s pwgo @ =1 xelx,..,x)}=*0.
n

Indeed, we can take as Wy any neighborhood of zero whose closure in the topology o(E", E') is con-
tained in the set V°0 [{x"€E": x", x| =1, ..., Kx", xp)1 =1}. Lemma 6 implies that the closure

20



of the set (l/an)W,1 N My]...xp 0 My, v} inthe weak topology o(E', E) contains W N My, ) y{; for any
setyl, ceny yk in Hy "' -Xﬁ"

d) We introduce on the bounded set Wn a metric pn equivalent to the weak topology o(E', ). The
previous property implies the existence of an element xn De 1/aqn) W0 n MX < for which pn(x s x-}ln)

= 1/n.

Thus, it is possible to carry out the inductive step, i.e. to replace n—1 by n in the set of properties
1)~4). We will show that M' = ﬁ Mgi...x{ is a subspace of characteristic zero that is everywhere dense
i=l1

" in the weak topology o(E', E). _Property 2) implies that

(e xt o xt  hxd xR L L e M
The sequences x{ln, X;ln-{-i, Xr'ln+2 ... converge to elements %' in the weak topology o(E', E), so that the
closure of M' in the weak topology o(E', E) contains the elements x'i, vees x'n, ee., i.e. it coincides with

E'. It follows from the construction of {xp} that zero is not a limit point in the strong topology B(E, E')
of the sequence {xp}. But {xp} converges to zero in the topology s(E, M'). Indeed, consider any reigh-
borhood Vj of zero in the fundamental system {Vp} of neighborhoods of zero of E. Then

VINM)Y o VINM N S VE + Lxy.
But x{ — xj €V{’, hence xiE(V(i’ nM°NE.
Thus, the topologies B(E, E') and B(E, M') are not equivalent. The theorem is proved.

Using Theorems 2 and 3, we can formulate the following criterion for the quasireflexivity of a
Fréchet space.

THEOREM 4. For a Fréchet space E to be quasireflexive it is necessary and sufficient that the
dual space E' not contain a subspace of characteristic zero that is everywhere dense in the topology o(E"',
E).
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