
REFLEXIVITY AND QUASIREFLEXIVITY 

TOPOLOGICAL VECTOR SPACES 

O F  

A .  N.  P l i c h k o  UDC 519.9 

Suppose E is a s epa ra t ed  local ly  convex topological  vector  space ,  E'  its dual, and E" its bidual. 
Recal l  that  E is sa id  to be re f lex ive  if K(E) = E", where  K(E) is the image  of the canonical  embedding of 
E into E", and the s t rong topology ~(E, E')  coincides with the or iginal  topology of E. In the sequel we will 
identify E with i ts  image  K(E). 

A sepa ra t ed  local ly  convex topological  vec to r  space  E is cal led quas i re f lex ive  if it is a c losed sub-  
space  of finite def ic iency in i ts  bidual E" and the s t rong  topology ~(E, E')  coincides with the original  topo- 
logy of E. 

An example  of a quas i re f lex ive  topological  vec to r  space  that  is not i somorph ic  to a Banach space  is 
the Car t e s i an  product  B x E of a quas i re f lex ive  Banach space  B and a re f lex ive  topological  vec tor  space  E 
that is not i somorph ic  to any Banach space .  

This pape r  contains s e v e r a l  genera l iza t ions  of the r e su l t s  of [1]-[3] to topological  vec to r  spaces .  

1. THEOREM 1. For  a s epa ra t ed  local ly  convex topological  vec to r  space  E to be ref lex ive  it  is 
n e c e s s a r y  and sufficient  that  it be b a r r e l e d  and that  any bounded closed convex se t  V c= E be closed in any 
sepa ra t ed  local ly  convex topology F on E that  is comparab le  with the original  topology of E. 

Necess i ty .  If E is re f lex ive ,  then it is b a r r e l e d  [4, Chap. IV, w T h e o r e m  2]. Suppose F is  a 
s epa ra t ed  local ly  convex topology on E that  is weaker  than the or iginal .  Denote by EF the space  E with 
the topology F, and by E~ its dual. It is obvious that  each l inear  functional defined on E that  is continuous 
in the topology F will a l so  be continuous in the original  topology of E. Thus,  E~ ~ E ' .  Since E is r e f l ex -  
ive, any bounded c losed convex se t  V c E is compact  in the weak topology ~(E, E ') ,  hence a lso  in the top-  
ology ~(E, E~) .  Thus the se t  V is c losed in the topology or(E, E~),  hence a lso  in the topology F.  

Sufficiency. Suppose E is nonref lexive .  If it is not ba r r e l ed ,  then suff iciency is proved.  Assu me  
that  E is b a r r e l e d .  Then t he r e  exis ts  a bounded closed convex subse t  V c E, 0EV, that  is not compact  
in the weak topology ~(E, E')  [4, w T h e o r e m  2]. Since the c losure  ~ of V in the topology a(E",  E') is 
compact  [4, w Coro l l a ry  2], it follows that  ~ contains an e lement  x~ ~ E. Take x0EE, x 0 e V ,  and ~" 
= x 0 -  x~. Let  M~,, = {x' EE' : <x', 2"> = 0}. We introduce on E the weak topology ~(E, M~,,) defined by 
the duality between E and Mg.,,. It is easy  to ve r i fy  that  ~(E, M~,,) is a s epa ra t ed  local ly  convex topology 
on E that  is weaker  than the original ,  and the c losure  of V in this topology contains the e lement  x 0. 

The t heo rem  is proved.  

Note that the conditions of the t h e o r e m  a re  independent.  The  exis tence  of nonref lexive b a r r e l e d  
spaces  is obvious.  An example  of a nonref lexive  space  E in which any bounded closed convex se t  V ~ E 
is c losed in any sepa ra t ed  local ly  convex topology F on E that  is comparab le  with the original  is an infinite- 
d imensional  r e f l ex ive  Banaeh space  with the weak topology ~(E, E'). 

2. We now turn  to the study of quas i re f lex iv i ty  of topological  vec to r  spaces .  

Definition. Suppose E is a s epa ra t ed  local ly  convex topological  vec to r  space ,  and M' a subspace  of 
the dual space  E' that  is eve rywhere  dense  in the weak topology ~(E' ,  E). Denote by ~(E, M') the topology 
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on E with a neighborhood base of zero consisting of the polars of the sets V' fl M', where V' ranges over 
the bounded subsets of E'. We say that the subspace M' has characteristic zero if the topology ~(E, M') 
is weaker than the strong topology ~(E, E'). 

THEOREM 2. If a space E is quasireflexive, then the dual space E' contains no subsapee of charac- 
teristic zero that is everywhere dense in the weak topology ff(E', E). 

Proof. Suppose M' is a subspace of E' "that is everywhere dense in the weal< topology ~(E', E). 
Since E is quasireflexive, it has the form 

M '  = {x" ~ E '  : ( x ' ,  x",> = 0 . . . . .  ( x ' , x i )  = 0} ,  

w h e r e  x~ . . . . .  x~ is  a f ini te  se t  of e l emen t s  of E" .  Denote  by M '~ the l i nea r  hull  of the  e l emen t s  x~', . . . .  
x L  Let  . . . . .  b e  a s e t  of n o n z e r o  e l e m e n t s  of E' for which  I(x , x >l -< 1, i -- 1 . . . . .  k .  C o n s i d e r  

~ ~ 

the  ne ighborhood  W~ ~ = { x '  EE" : I(xi, x ~) 1 - 1, i = 1 . . . . .  k} and i ts  p o l a r  in E ' .  The  p o l a r  of W 0 is a 
bounded s u b s e t  of  E ' ,  hence  fo r  any  bounded s u b s e t  U' c E '  the union  V' = W~ U U' will  a l s o  be beundedo 
If the  subse t s  U a (a EI) f o r m  a b a s e  fo r  the  bounded se t s  of  E ' ,  then the subse t s  V a = W 0 U Ua ,  a EI, will  
a l so  f o r m  a b a s e  fo r  the  bounded se t s  of E ' .  C o n s i d e r  the  p o l a r  of the se t  V' f ] M '  in E ' .  Since M '~ is 
l oca l ly  c o m p a c t ,  V '~ and M '~ a r e  c lo sed  in the weak topology  ~ ( E ' ,  E ' ) ,  and V '~ c W~ ~ we have  

(V" N A4") ~ = V "~ + M'~ 
! I 

If the subsets V~ = W 0 U Uc~, ~ El, form a base for the bounded sets, then their polars in E form a neigh- 
borhood base of zero in the strong topology fi(E, E'), and the subsets (V~ N M')~ = (V~ ~ + M '~ ~ E a 
neighborhood base of zero of the space E in the topology fl(E, M'). Assume that the topology fl(E, M') is 
weaker than the topology fl(E, E'). Then there exists a neighborhood V~ ~ of zero such that for any a El 

e V'~ We have there exists xa E(V~ ~ + M'~ N E and x a 0 �9 

y Ev:, '~ 
arid s ince  the  net  {y~}  tends  to ze ro ,  it fol lows that  f r o m  s o m e  c~ 0 on we have  z~ e (1/2)V~ ~ fo r  ce "~ c~ 0. 
Selec t  f r o m  the  net  {xcr} the  subnet  {xff} = {xa  : a  > a0,  a EI}. Since V~ ~ is ba lanced ,  it fol lows that  if  0 
<-<- k - 1, then ky~ ~V~ ~ F o r  each  z~ we s e l e c t  X~E[0 ,1 ]  so  that  

~. ., 1 z~,z~ ~ v: ,  ~z~,e ~ Vo ~ 

Since V~~ W~ ~ and the  se t  W'0 ~ (1 M '~ is bounded,  the  net  {k~z '~}  has  a subnet  conve rg ing  in the s t rong  
topo logy  fl(E", E ' )  to  a n o n z e r o  e l emen t  z 0. But the  net  ( ~ y ~ )  c o n v e r g e s  to  ze ro ,  hence  f r o m  the net  
(kc~xc~ } we can  choose  a subnet  conve rg ing  to  the  e lement  z~' EM '~ in the  s t r o n g  topology  fl(E", E ' ) ,  which 
c o n t r a d i c t s  the  fact  tha t  the  s p a c e  E ~ E" is  c losed .  The  t h e o r e m  is p roved .  

3. We ~411 now p r o v e  s e v e r a l  p ropos i t i ons  which wiI1 be needed la~er.  

LEMMA 1. Suppose  E is a b a r r e l e d  ~pace  and F a b a r r e l e d  s u b s p a c e  of E. If  the  dual space  F '  con-  
t a ins  a s u b s p a c e  M' of  c h a r a c t e r i s t i c  z e r o  tha t  is e v e r y w h e r e  dense  in the weak topo logy  ~ (F ' ,  F), then  
the  dual  s p a c e  E '  conta ins  a s u b s p a c e  of c h a r a c t e r i s t i c  z e r o  tha t  is e v e r y w h e r e  dense  in the weak topology  
~(E', E). 

Proof. As is well known, the subspace F' can be identified with the quotient space E'/F ~ Consider 
the preimage K-I(M ') of the subspace M' ~ E'/F ~ under the canonical embedding E' -~ E'/F ~ It is easy to 
see that the subspaee K-I(M ') is everywhere dense in E' in the weak topology ff(E', E). If the topologies 

(E, E') and ~ (E, K-I(M')) were equivalent, then the restrictions of these topologies to F would also be 
equivalent. Since E and F are barreled, the restriction of the topology fl(E, E') to F coincides with the 
strong stopology ~(F, F'). Since the canonical embedding K is continuous, the restriction of the topology 
fl(E, K-I(M')) to F is not stronger than the topology fl(F, M'). The topology fl(F, F') is stronger than the 
topology fl(F, M'); hence the topologies ~(E, E') and ~(E, K-I(M')) are not equivalent. The lemma is 
proved. 

LEMMA 2. Any  c o m p l e t e  nonre f l ex ive  b a r r e l e d  s p a c e  E conta ins  a bounded sequence  (Xn~ having 
no l im i t  point  in the  weak topo logy  ~(E, E ' ) .  

P r o o f .  It fo l lows f r o m  T h e o r e m  2 of [4, Chap.  IV, w that  E conta ins  a bounded c lo sed  subse t  W 
tha t  is not compac t  in the  weak topo logy  or(E, E ' ) .  It fol lows f r o m  [4, Chap. IV, w E x e r c i s e  15go)] tha t  
W conta ins  a sequence  (xn~ having  no l imi t  point  in the weak topology  ~(E, E ' ) .  The l e m m a  is p roved .  
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LEMMA 3. Any  comple te  nonquas i r e f l ex ive  b a r r e l e d  space  E conta ins  a c losed  s e p a r a b l e  s u b s p a c e  
F such  that  d im F " / F  = ~ .  

P roo f .  We will  c o n s t r u c t  a s equence  o_ff c losed  s e p a r a b l e  s u b s p a c e s  F n ~ E such  that  E n + l  ~ Fn 
and d im F ~ / F  n > - n. Then  the  c l o s u r e  F = (J Fn of t he i r  union will be the  d e s i r e d  subspace .  We take  as  F 1 

t~ 

the  c losed  l i nea r  hull  of the  sequence  ~xi} of L e m m a  2. It is  easy  to  s ee  tha t  d im F I ' / F  1 -> 1. 

Suppose we have  c ons t ruc t e d  s u b s p a c e s  Fj (j = 1 . . . . .  n) with the r e q u i r e d  p r o p e r t i e s .  If  d im Fn 
?T / F n  = ~ ,  we m a y  r e g a r d  the  c o n s t r u c t i o n  as  f in ished  by putt ing Fj = F n fo r  j > n.  Thus ,  suppose  d im F n 

/ F  n = k < ~o We will show that  the  quot ient  space  E / F n  is  nonref lex ive .  The  bidual  of E / F n  is  E / F n ,  
w h e r e  F n co inc ides  with the  c l o s u r e  of F n in the  weak topology ~(E",  E'}. If E / F n  co inc ided  with i ts  bidual  
E " / F ~ ,  then each  e l e m e n t  x 'I + F n of E " / F  n would have  the f o r m  x + F n, xEE,  hence  each e lement  x" EE 'I 

VI 
could be  r e p r e s e n t e d  in the  f o r m  x I' = x + ~'", xEE,  ~"  ~F n, But d im  F ~ / F  n = k < ~ ,  hence  d im E " / E  = k 
< ~ ,  which con t r a d i c t s  the  fact  tha t  E is nonquas i r e f l ex ive .  Hence  E / F n  is a nonref lex ive  b a r r e l e d  space .  
By L e m m a  2, we can  choose  in it a bounded  sequence  xi + Fn hav ing  no l imi t  point  in the weak topology  

1T t l  r  (E /Fn) I ) .  In v iew of the  c o m p l e t e n e s s  of the bidual of E " / F ~  in the  weak topology  a(E / F n ,  (E 
IT / F n ) ' ) ,  th is  s equence  has  a l imi t  point  x 'I + F n in E ' I /F~ .  Choose  a r e p r e s e n t a t i v e  ~,, of the c l a s s  ~" + F~ 

and r e p r e s e n t a t i v e s  xi of the  c l a s s e s  xi + F n. Le t  F n + l  = L{xi} + Fn be the  c l o s u r e  of the s u m  of the  sub-  
spaces  Fn in the l i n e a r  hul l  of the  s equence  {xi}.  We will show tha t  

dim Fn+I/F + ] >~ dimF:/F. + 1. 

Since F n +  1 .~ F n, it su f f i ces  to  ve r i fy  that  ~z" be longs  to F n +  l "  and does  not be long to F n + l  + Fn.  If ~" did 
?? I t  

not be long to  F n +  ~, then s ince  F n +  1 is c lo sed  in the  weak  topology ~(E",  E ' )  t h e r e  would exis t  an  e l emen t  
T 0 x'0EE I such  tha t  ( x  0, ~,l) ~ 0, x0EFl l+ i ,  whe re  F~ is the  po l a r  of F n +  1 l a t h e  dual space  E ' .  The e le -  

m e n t  x 0' can  be  r e g a r d e d  as  a cont inuous  l i n e a r  funct ional  on E / F n .  Then  x0(x i '  + Fn) = 0 (i = 1, . .  . ,  ~) ,  
x~(~ II + F n) ~ 0, which c on t r a d i c t s  the  fac t  tha t  the  e l emen t  ~" + F~ is a l imi t  point  of the  sequence  x i + F~ 
in the  weak topo logy  a ( E " / F ~ ,  (E /Fn) ' ) .  We will  now show that  ~ ~ F n +  1 + Fn.  If ~" = x + x If, whe re  
xE Fn +1, x" E Fn, then  ~" + F~ = (x + F~) + (x 'I + F~) and the  sequence  {x i + F~a} has  as  a l imi t  point  the 

I t  TT t~ e l emen t  (x + F~) + (x" + Fn).  But x" + F~ = F n, hence  the  e l emen t  x + F n is a l imi t  point  of the sequence  
~xi + Fn}, which c on t r a d i c t s  the  cho ice  of ~xi + Fn}.  The l e m m a  is p roved .  

LEMMA 4. Any comple t e  nonre f l ex ive  b a r r e l e d  space  E conta ins  a ba l anced  convex  ne ighborhood  V 0 
of z e r o  such  tha t  f o r  any  f ini te  se t  x~ . . . . .  x~ in  E'  

{x E z  : (x, x I) = o . . . . .  (x, x~) = o} n v~ q= {xE e : (x,  x l )  = o ..... (x,  x D =o} .  

P r o o f .  The  p r o o f  fol lows i m m e d i a t e l y  f r o m  the  fac t  tha t  the o r ig ina l  topo logy  of E does  not co inc ide  
with the  topo logy  r  E ' ) .  

We i n t r o d u c e  the  fol lowing nota t ion :  V ~176 is the  c l o s u r e  of the ne ighborhood  V ~ E in the  weak topo -  
logy  ~(E",  El), 

M ~ , ;  = (x'  ~ E ' :  <~', x~> = 0 . . . . .  (x ' ,  x : )  = 0), 

st~ H . . . . . . .  '..~ {x"EE":(x",x~)=O, . . . ,  ~<x",..~"~ = 0 } , ~  

and PV(X) is the  gsuge  funct ion of V. 

LEMMA 5. Suppose E is a comple t e  nonquas i r e f i ex ive  b a r r e l e d  space ,  x~", . . . ,  x s' a finite se t  of 
" " is e v e r y w h e r e  dense  in e l emen t s  in E" ' ,  x~' . . . . .  x r a f ini te  s e t  of e l emen t s  i n E " ,  the s u b s p a c e  Mx~'.. "Xr 

E I in the  weak topo logy  ~(E ' ,  E), V is a ne ighborhood  of z e r o  in E, and V0 is the  ne ighborhood  whose  ex i s -  
t ence  was  e s t ab l i shed  in  L e m m a  4. Then  t h e r e  ex ts t s  an  e lement  Xr+ 1EHx[ ' . . .x~  such  that  Xr+ 1 e E 
+ L- ~x 1"  ", . . . ,  XrJ"', x]:" + 1 ~ v0"~176 • 1 - -  ". �9 �9 Xr + 1 is e v e r y w h e r e  dense  in E' in  the  weak topo logy  a (E '  ,E), and 
t h e r e  ex i s t s  an e l emen t  xE E  fo r  which x~ + t - - x ~ V  ~176 

P r o o f .  Since E is nonquas i re f l ex ive ,  the  s u b s p a c e  H x l " . .  x~' conta ins  an  e l emen t  x" not  belonging to 
E + L (x~' . . . . .  Xr). It fol lows f r o m  the f i n i t e -d imens iona l i t y  of E" /Hx] ' : .  x~' and the cho ice  of V0 that  
t h e r e  ex is t s  an  e l e m e n t  x ~ 2V 0, xEHx~' x~ N E.  We can  obv ious ly  c~oose  e > 0 so  s m a l l  that  the e le -  
men t  x~ +1 = x + ex" wil l  p o s s e s s  the  r e q u i r e d  p r o p e r t i e s .  The l e m m a  is  p roved .  

LEMMA 6. Suppose E is a b a r r e l e d  space ,  H a l i nea r  s u b s p a c e  of E" conta in ing  E, x~' . . . . .  x r a 
f in i te  s e t  of e l e m e n t s  in E" ,  V' a bounded c losed  convex  ba lanced  subse t  of E ' ,  and V '~ i ts  po l a r  in E" :  
If inf  {PV,0(x" - -Y") :  y" ~H, PV'0(Y") > 1, x" EL(x~' . . . . .  Xr) } = a ,  a ~ 0, then  the  c l o s u r e  of the  Set 
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(1/a)V' ~ Mx~' . . .x~ fl My[ . ,  .y~  in the weak topology u(E ' ,  E) contains V' N My[ ' . . . y~  for  any finite se t  y~, 

. . . .  y~ in H. 

P roof .  Since the se t  (1/a)V'  fl Mx~' . . .x  r fl My' l ' . . .y~ is convex, it suff ices  to show that  t he r e  ex is t s  
no e lement  x ~ V '  ~ My[ ' . . . y~  that  can be s t rong ly  s e p a r a t e d  f r o m  the se t  (1/a)V' fl Mx[ ' . . .x~  ~q My~'o..y~ 
by  a hyperp lane  that  is c losed  in the weak topology ~(E ' ,  E). Without loss  of genera l i ty ,  we m a y  a s s u m e  
that  pv,(x~) = 1. A s s u m e  the r e  ex is t s  an ele.ment x6E  for  which 

sup {(x, x ' ) :  x '~  __la V' ~M =]...,: f] My,;...y;} < I, 

(x ,  x~> = 1. Then the l inea r  manifold N' = {x' ~E'  :<x, x'} = 1} 0 My~' y:' s t rong ly  s e p a r a t e s  x~ and (1/a)V' 
f] M~" ~" ~ M,~." vs in the subspace  M , " . . .  v/ ' .  Since the se t  (lla')~;' 'el K Mxl' x~ is c losed and convex 

,e~l - . * ' ~ r  J 1 -  �9 �9 J ~6~ 'Yl  ,~t~. * f " ' "  

in the s t rong  topology ~(E ' ,  E) and does not contain x 0, then, by the Hahn--Banach theo rem,  N' can be  ex-  
tended to a hyperp lane  I~' which is c losed in the s t rong  topology /~ (E',  E) and s t rongly  s e p a r a t e s  x'  0 and 
(1/a)V' N Mx~'.. ~x~. Since N' is  c losed in the topology ~(E ' ,  E + L(Y'I' . . . . .  y~)) and has  finite deficiency,  

L I-J' .., " the hyperp lane  N '  is  a l so  c losed in the topology u(E ' ,  E + Lvl, �9 Yk)), i . e .  has  the f o r m  

N '  : { , ' :  yg> = 1}, 
k 

whereY0 k 0 x 0 + ~ k i Y i  �9 It is  easy  to s ee  that  < x0, Y0 1, s u p { < x ' ,  yo>:X 'E(1 /a )V '~  M x t . . . •  

"> :X t . or sup {<x', Y0 6 V' ~ Mxl'.. . Xr} < a. Consider the restriction of the functional Y0 to the subspace 
Mx~... Xr. By the Hahn--Banach theorem, this restriction can be extended to a linear functional Y0 defined 
o n a l l o f E ,  m s u c h a w a y t h a t s u p { < x ' ,  y 0 > : x ' 6 V ' } <  a .  S m c e t h e s u b s p a e e M x ;  x g h a s f i m t e d e f i c i e n e y ,  
the functional Y0 is continuous.  The e lement  x" = " obviously belongs to the subspaee  L(x[', YO - -  YO ~ �9 �9 
x ; ) ,  

sup{(x ' ,go):x '~V'}N(Xo,/]  o) = 1 and goSH. 

Since PV,0(Y") = sup{<y ' ,  y"> :y '  EV'}, we obtain in f{PV,0(x" - -y" )  :y" EH, PV,0{y") >-- a ,  x" EL(x~ . . . . .  
< ^"  , pv,0{y0) < a which cont rad ic t s  .the hypothes is  of the l e m m a .  The l e m m a  is p roved .  

F r o m  now on we will a s s u m e  that  E is a Fr6che t  space ,  Vi . . . . .  Vn . . . .  a countable ba se  of c losed 
convex balanced neighborhoods of ze ro  in E such that  V i ~ V i +l .  It is easy  to see  that  the i r  c losu res  V~i~ 
in the weak topology ~(E", E')  f o r m  a countable neighborhood b a s e  of ze ro  in the s t rong  topology of E".  

THEOREM 3. For  any nonquas i re f lex ive  Fr6ehe t  space  E the dual space  E' contains a subspace  M' 
of c h a r a c t e r i s t i c  ze ro  that  i s  e v e r y w h e r e  dense  in the weak topology e (E ' ,  E). 

P roof .  A Fr6che t  space  is b a r r e l e d ,  and a c losed subspaee  of a Fr4chet  space  is again  a Fr6chet  
space .  Hence,  in view of L e m m a s  1 and 3, we m a y  a s s u m e  that  E is s e p a r a b l e .  By Propos i t ion  3 of [4, 
Chap. IV, w the dual space  E' i s  the union of bounded se t s  V~ a r e  m e t r i z a b l e  and s e p a r a b l e  in the 
weak topology ~(E ' ,  E). Let  x 'l . . . . .  x 'n be  a countable se t  that  is e v e r y w h e r e  dense in E' in the weak 
topology ~(E ' ,  E). Without loss  of genera l i ty ,  we may  a s s u m e  that  x ' iEV ~ The cons t ruc t ion  of the sub-  
space  M' will be  c a r r i e d  Out induct ively.  

1. T h e r e  exis ts  an e lement  x I' EE" sa t i s fy ing the following condit ions:  x t ~ v 0 ; x 1 ~v~x 1 , -~4 ~ E; 
~T 

t he r e  exis ts  an e lement  x 1 E E such that  x 1 - - x  1 EV ~176 To d e m o n s t r a t e  the exis tence  of x 1 it suff ices  to 
apply L e m m a  5. The e lement  x i' p o s s e s s e s  the following p r o p e r t i e s .  

. !  
a) The re  ex i s t s  an e lement  x[" eE ~ such that  (x~', xl > ~ 0. This  follows f r o m  the fact  that  x ;  ~ E. 

b) The re  exis ts  a neighborhood W 1 ~ V1 of ze ro  such that  

a, = inf {pw00 (x " - -  y") : g" 6 H/I,  Pw~ (Y") ~ l, x" C L (x~')} =/= 0. 

Indeed, we can take  as W 1 any neighborhood of ze ro  whose c lo su re  in the topology ~(E", E'} is contained 
in the  se t  V[ ~ N {x" e E" : I  (x" ,  x~') I <- 1}. L e m m a  6 impl ies  that  the c losu re  of (1/ai)W ~ ~] Mx; N My 1 ~. . .  Yk" 

. " . H X ~  ~T . contains Wt 0 N My1... y~ for any set Yl ..... Yk in 

c) We introduce on the bounded set W~ a metric Pl equivalent to the weak topology u(E', E}. The 
previous property implies hhe existence of an element xl i 6 (I/at)W ~ for which Pl (xl I, x'1) -< I. 

We will give two illustrations of the second step of the inductive construction. 
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2. T h e r e  e x i s t s  an e l e m e n t  x~ fiE" s a t i s f y i n g  the following condi t ions :  x~' ~ V~~ x~lEMx~'x2'; x~ 6Hx~"; 
{x '1, x '2} c_= Mx~'; x~ e E + L(x~'); t h e r e  ex i s t s  an  e l e m e n t  x2EE such  tha t  x~' - - x 2 E V  ~176 To d e m o n s t r a t e  the  
e x i s t e n c e  of x~' i t  su f f i ces  to  app ly  L e m m a  5. 

The  e l e m e n t  x~' p o s s e s s e s  the  fol lowing p r o p e r t i e s .  

a) T h e r e  ex i s t s  x~lE ( 1 / a 0 W  ~ n Mxl"x ~' f o r  which pi(x  '1, x~ 1) <- 1 /2 .  The  e x i s t e n c e  of such  an  e l e m e n t  
fol lows f r o m  L e m m a  6, the  r o l e  of the s e t  y [  . . . . .  y~ be ing  p l ayed  h e r e  by  x~'. 

b) T h e r e  e x i s t s  an  e l e m e n t  x~'EE ~ fo r  which (x~,  x~> = 0, (x2', x2'> ~ 0. Th is  fol lows f r o m  the fac t  
tha t  x 2 ~ E + L(x~') and E ~ is  i n f i n i t e - d i m e n s i o n a l .  

c) T h e r e  ex i s t s  a ne ighborhood  W 2 r-  V2 of z e r o  fo r  which 

a 2 = inf {&coo (x" ~ y") : y" E H,,, ...... "2 , p ~ o  (.q") >I 1, x" E L (x~, x~)} =/= 0. 

Indeed,  we can  t ake  as  W 2 any neighborhood=of  z e r o  whose  c l o s u r e  in the  topo logy  q(E" ,  E ' )  is  con ta ined  in 
the  s e t  V2 ~176 rl {x" eE"  :[ <x", xl >1 -< 1, [ (x" ,  x~") I - 1}. L e m m a  6 imp l i e s  that  the  c l o s u r e  of (1/a2)W ~ 

. . . . . .  " " fo r  any  se t  y[' . . . .  y~ in (] Mxlx2 f] My~' . . .Yk in the weak  topo logy  ~(E ' ,  E) conta ins  Wg f~ M y i . . . Y k  
Ux y ". 

d) We in t roduce  on the  bounded se t  W ~ a m e t r i c  P2 equ iva len t  to the  weak  topology  r  E). The  
p r e v i o u s  p r o p e r t y  i m p l i e s  the e x i s t e n c e  of an e l e m e n t  x~2E (1/a2)W ~ N Mx~x~ f o r  which P2(x '2, x~ 2) <- 1 /2 .  

Cons ide r  the  n - th  s t ep  of the  induct ive  c o n s t r u c t i o n .  Suppose tha t  a f t e r  the  (n - -1 ) - s t  s t ep  of the  in-  
" E" ; " " duc t ive  c o n s t r u c t i o n  we have  s e t s  {xl . . . .  �9 Xn-1} C E; {x[' . . . .  , Xn-1} ~ {Xl . . . .  �9 Xn-1} ~ E~ 

. . . .  Xn-1; . . . .  Xn_~; . . .  ; x~n] ~} ~ E ' ;  ne ighborhoods  W~ ~ V1 . . . . .  Wn-1 ~ V n - ~ ;  
n u m b e r s  a~ . . . . .  an-1 unequal  to z e r o ;  and m e t r i c s  Ot . . . . .  Pn-i  equ iva len t  to the weak topology  ~(E ' ,  E) 
on the  bounded se t s  ( l / hOW ~ . . . . .  (1/an-OW~ p o s s e s s i n g  the fol lowing p r o p e r t i e s :  

1) x ~ V ~ ~  x ~ - ' x ~ E V  ~176 i = 1  , n - - l ;  

{X]I'X'2" "" X'I "X'2 X'2 "x'n--2 v ' n - - 2 ' r ' n - - I I C : / ~ x ~  Xn 1; { X ' I '  �9 ~ n ~ l *  2 ~ 3 ' " " " , n - - 2  ' "*n--I  ' ~ n - - I  J 

2) . . ,  x',} c Mx,i; x~e  ft,,7,; x; E H;~,...,7_; x' i e E + L (x", . . . . .  xT_,), i = 1. 
. . . n - - l ;  

3) the  c l o s u r e  of the~ s e t  (1/aq)W ~ N Mx~' . . .  x~ N My~' . . .  y~ conta ins  W~ N M~l" . .  y~ fo r  any s e t  y~' . . .  y~ 
in Hx~ ' : . . x~  (q = 1, n - - l ) ;  

1 1 
�9 �9 n ~ X ' I  X ' I ~  4) 9 1 ( x i l , x " ) ' -  < 1;pl(x~'~,x'l)'-<-~ . . . . .  v , ,  , - ,  ' "<  n - - 1  ' 

1 1 
92 (x~2, x'~) ..< -E ; " '  ; 9: (x~L,,  x '2) --< n - - - - : T  ' 

�9 . �9 �9 . . . . . . .  �9 . �9 , �9 �9 , �9 

1 tr'n--I x'n--l~ ~.~ 
Pn--1 v~n--I , n - - I "  

IT TI �9 ~ ~ 1 Then  t h e r e  ex i s t s  an e l e m e n t  xnEE"  s a t i s fy ing  the  fol lowing condi t ions :  x n e V~~ {x~ 1, . ,  Xn-1; 
~,n-ll _ ~ ,, ,, i..,I . . 'n l  c M "" x"6H "' "' �9 " " x22 . . . .  ; "ha I ~ v ~ x l � 9 1 4 9  t . . . . . . .  J x n, n Xl . . �9  x n ~ E + L ( x  1 . . . . .  Xn-l); t h e r e  

ex i s t s  an e l e m e n t  xnEE suc~ tha t  x ~ - -  xnEV~ ~ To d e m o n s t r a t e  the  e x i s t e n c e  of x~ it  su f f i ces  to  app ly  
L e m m a  5. 

TT 
The  e l e m e n t  Xn p o s s e s s e s  the  fol lowing p r o p e r t i e s � 9  

,q , 
T h e r e  ex i s t s  an e l e m e n t  x~qE(1 /aq)W N M x [ ' . . . x  n f o r  which pq(X 'q, x n ) ~ 1 / n  (q = 1, n - - 1 ) .  a )  

The e x i s t e n c e  of such  e l e m e n t s  fol lows f r o m  L e m m a  6. 
V~T T, 

b) T h e r e  ex i s t s  an  e l e m e n t  Xn EE ~ fo r  which (xi ' ,  x n )  = 0 . . . . .  (Xn-1, Xn) = 0, (x~,  Xn> ~ 0. Th is  
" " " E 0 follows from the fact that x n e E + L (Xl ..... xn-l) and is infinite-dimensional. 

c) There exists a neighborhood Wn c V n of zero for which 

an = ini {P~o0 (x" - -  y") : y" C Hx'~,...x,', &vn~ (q") > 1, x" E L (x] . . . . .  x:)} =/: 0. 

Indeed,  we can  t ake  as  W n any  ne ighborhood  of z e r o  whose  c l o s u r e  in the  topo logy  or(E", E ' )  is  con-  
t a ined  in the se t  V~ ~ f] {x" EE" : I<x", xl"> I <-- 1 . . . . .  I<x", x~>l  <-- 1}. L e m m a  6 i m p l i e s  tha t  the c l o s u r e  
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?? ,? of the se t  (1/an)Wen/1 Mx~.. .  x~ N My~'... y~ in the weak topology ~(E',  E) contains WOn N M y l . . .  Yk for  any 
set  YI' . . . . .  y~ in HxI ' : . .  x•. 

d) We introduce on the bounded set  WOn a me t r i c  Pn equivalent to the weak topology ff(E', E). The 
previous  p rope r ty  implies  the exis tence  of an e lement  x~nE (1/an)WOn fl Mxi ' . . . x  n for  which pn(X 'n, xn n) 
<- 1/n.  

Thus,  it is poss ible  to c a r r y  out the inductive step, i . e .  to r ep lace  n--1 by n in the set  of p roper t i e s  
1)-4). We will show that M' = ~ M " . xi' is a subspace of cha rac t e r i s t i c  zero  that is everywhere  dense 

i=l xi" " 
in the weak topolog~y ~(E',  E). P rope r ty  2) implies  that 

vn ~I1 *n The sequences  x n , Xn+ i, Xr~+2 . . .  converge  to e lements  x 'n in the weak topology ~(E',  E), so that the 
c losure  of M' in the weak topology ff(E', E) contains the e lements  x 'l, . . . ,  x 'n, . . . ,  i . e .  it coincides with 
E ' .  It follows f rom the const ruct ion of {Xn} that zero  is not a l imit  point in the s t rong topology fl(E, E ') 
of the sequence {Xn}. But {Xn} converges  to zero  in the topology fl(E, M'). Indeed, consider  any r Leigh- 
borhood Vi of ze ro  in the fundamental sys tem {Vn} of neighborhoods of ze ro  of E. Then 

(V~ N M') ~ = (V~ N M,7)~ = V~ ~ Jr L (x~). 

But xi~-- xiEV[ 0' hence xiE(V ~ N M') 0 N E. 

Thus, the topologies fi(E, E') and fl(E, M') a re  not equivalent.  The theorem is proved.  

Using Theorems  2 and 3, w e c a n  formula te  the following c r i t e r ion  for  the quasi ref lexivi ty  of a 
FrSchet  space.  

THEOREM 4. For  a Fr~chet  space E to be quas i ref lex ive  it is n e c e s s a r y  and sufficient that the 
dual space E' not contain a subspace of cha rac t e r i s t i c  zero  that is everywhere  dense in the topology a(E' ,  
EL 

1 .  

2. 

3. 

4. 
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