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Le t  X be a Banach  s p a c e  and X* i t s  dual .  The s y s t e m  (xi, fi) ,  ~ ~ x,  /~ ~ x*, i ~ 1  (where I is  s o m e  set )  
is  c a l l e d  a t o t a l  b i o r t h o g o n a l  s y s t e m  if  f'l(xj) = 5..1j (where  6ij i s  the K r o n e c k e r  s y m b o l )  and the s e t  (fi) is  t o t a l  
on X. If ,  in add i t i on ,  (xf) is  to ta l  on X*,  then i t  is  an M - b a s i s .  An  M - b a s i s  wh ich  can be t o t a l l y  o r d e r e d  s o  tha t  
fo r  e ach  a t h e r e  e x i s t  t o t a l l y  bounded p r o j e c t i o n s  P a  f r o m  X onto the c l o s e d  l i n e a r  hul l  of [xfi: /~ < a ]  p a r a l l e l  
to [xfi: fi -> a]  is  c a l l e d  a p r o j e c t i o n  b a s i s .  E v e r y  Banach  s p a c e  has  an i n f i n i t e - d i m e n s i o n a l  s u b s p a c e  wi th  a 
b a s i s  ( see  [1]). It is  n a t u r a l  to a s k  w h e t h e r  e v e r y  Banach  s p a c e  X has a s u b s p a c e  Y wi th  a p r o j e c t i o n  b a s i s  of  
we igh t  dens  Y = d e n s X .  F o r  c e r t a i n  c l a s s e s  of Banach  s p a c e s  the a n s w e r  is  a f f i r m a t i v e  (see  [2]). We show tha t  

in the general case it is not. 

LEMMA i. Suppose that X can be decomposed into a direct sum of closed separable and reflexive sub- 

spaces. Then every subspace and every factor-space of X has the same property. 

Proof. Suppose that x = Y ® z~ where Y is separable, Z is reflexive, and xl c x. Then X will be a WCG- 

space'and therefore there exist a separable subspace z c Y0 c x and a continuous projection P: x ~ z0, Pxs C xl 

(see [3, p. 140]). We denote the projection from X onto Y parallel to Z by Q. Then QP is a projection from X 

onto Y parallel to ker P ~--(ker Q ~ Y0). The subspace ker Qpis isomorphic to X/Y and isomorphic to Z and hence 

is reflexive. This means that its subspace Z 0 = ker P is reflexive, and therefore so also is z0 N x1. Thus X I = 

Yl ® zl, w h e r e  yl = Px1 c Yo is  s e p a r a b l e ,  and zs = zo N x~ is  r e f l e x i v e .  S ince ,  by c o n s t r u c t i o n ,  x = Yo • z o ,  
X s ~ y ~ o z a ,  y s C y o Z s ~ Z o ,  i t f o l l o w s t h a t X / X ~ = Y o / X s + Z o / X s ,  Y f l (Y l®Z~)NZo/ (Y l+Zs)=O,  Yo/(YsGZD i s i s o -  
m o r p h i c  to Y0/Y~ and c o n s e q u e n t l y  is  s e p a r a b l e ,  and z0/(Y~ ® zs) is  i s o m o r p h i c  to Z 0 / Z  1 and t h e r e f o r e  r e f l e x -  

ive .  

L e t X  be a s p a c e  wi th  p r o j e c t i o n  b a s i s  ~xa, f~) .  F o r  e a c h ~ w e p u t  x ~ = [ z ~ : ~ < a l ,  X ~ = [ z ~ , ~ > ~ a l , F ~ =  

LEMMA 2. x = x~ ® x% x* = (x~) ~ ® (x~) ±, [ g j ,  = (x=) J- and [F~I, = (X~)±, w h e r e  [ ] ,  is  w e a k  * c l o s u r e .  

We will not define the Johnson-Lindenstrauss space (JL), rather referring the reader to [4]. We need 

only its properties: 

i) JL is nonseparable, and there exists a countable set in JL* which is total on JL; 

2) JL* = G ® //~ where G is separable and H is reflexive; 

3) JL is not isomorphic to a subspace of l~. 

THEOREM I. JL does not have a subspace with an uncountable projection basis. 

Proof. Let X be a subspace with an uncountable projection basis (xa, fa, 1 _< a < ~2). We identify the dual 

space with the factor-space by the annihilator: X* = JL*/X -L. According to Lemma 1 and property 2), the sub- 

space F = [1~: a < ~] C X* has the form F = a s ®//s, where G I is separable and H i is reflexive. From Lemma 2 

it follows that, for each a, F=F~ ® F% By virtue of the separability of GI, there exists a countable ordinal 

for which the (separable) subspace Fv ~ as. We show that FY is reflexive. Indeed, if P is the projection on F 7 

parallel to F "Y, and Q is the projection on Gi parallel to HI, then QP is a projection on G I and ker QP ~ fv. 

The subspace kerQP is isomorphic to F/GI, isomorphic to HI, and consequently reflexive. 

Since a reflexive subspace of the dual space is weak * closed (see [5]), it follows by Lemma 2 that X* = 

[F~,], ® F v. 

The r e f l e x i v e  s u b s p a c e  F 7  = (X.y) ± i s  dua l  to X~, wh ich  is  t h e r e f o r e  a l s o  r e f l e x i v e  and n o n s e p a r a b l e .  
T h e r e  can  e x i s t  no coun tab le  t o t a l  s e t  of func t iona l s  on such  a s u b s p a c e ,  which  c o n t r a d i c t s  p r o p e r t y  1). 
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We r e c a l l  that  a subspace  F C X* is sa id  to be no rming  if IH z Ill = sup { ] / (x) ] : ] ~ F, ]] f [] = t} is a n o r m  
which  is equivalent  to the or ig ina l  n o r m  II II. The b ior thogonal  s y s t e m  (xi, fi) is said to be no rming  if the sub -  
space  [/~, i ~ x] is no rming .  F o r  each  Banach  space  the re  exis ts  a total  b ior thogonal  s y s t e m  (see [6]), but not 
a lways  a no rming  one. 

THEOREM 2. The space  J L  does not have a n o r m i n g  b ior thogonal  s y s t e m .  

P roof .  Let  (z~, /~), i ~ :, be a no rm ing  b ior thogonal  s y s t e m  in JL .  The se t  I is not countable  because ,  as  
was  pointed out to us by I. S inger ,  it follows d i r ec t l y  f r o m  p rope r ty  3) tha t  t he re  a r e  no s e p a r a b l e  n o r m i n g  
subspaces  in JL*.  For  x = [z~, ~ ~ I] , we denote the images  of  the funct ionals  fi under  the f a c t o r - t r a n s f o r m a -  
t ion JL*  - -  J L * / X  m by fi. It is easy  to see  that  the se t  (x i ,  fi) f o r m s  a no rming  M -bas i s  of the space  X. But 
each  subspace  with a n o r m i n g  M - b a s i s  contains  a subspace  of the s a m e  weight  with p ro jec t ion  bas is  (see [2]). 
But this con t rad ic t s  T h e o r e m  1. 

R e m a r k .  Our def ini t ion of a p ro jec t ion  bas is  is f o r m a l l y  d i f fe ren t  f r o m  that  in [2, 7]. It is not diff icult  
to ve r i fy  that  they a r e  in fact  equivalent .  
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c - C O N V E X  B A N A C H  L A T T I C E S  

E .  V.  T o k a r e v  UDC 517.982 

P i s i e r  [1] has proved the following t h e o r e m .  

THEOREM. A Banach space  X is s u p e r r e f l e x i v e  iff it is un i fo rmly  i s o m o r p h i c  to a convex space  Y whose  
modulus  of u n i f o r m  convexi ty  6y(e)  admi t s  a power  lower  bound: 5y(e)  -> KeP (p _> 2). 

We show below that if  we r e s t r i c t  o u r s e l v e s  to Banach l a t t i ces ,  then it is poss ib le  to in t roduce  a new 
n u m e r i c a l  c h a r a c t e r i s t i c  of a Banach  space  (the "modulus  of complex  u n i f o r m  convexi ty")  which al lows us to 
p rove  an analogous r e su l t  fo r  c -convex i ty .  

Defini t ions.  1. A Banach  space  X is s u p e r r e f i e x i v e  if no nonref lex ive  Banach space  E is f ini te ly  r e p r e -  
sented in it. 

2. A Banach  space  E is c - c o n v e x  if the space  c o is f ini tely r e p r e s e n t e d  in it. 

3. A n o r m e d  space  E is X-finitely r e p r e s e n t e d  in a n o r m e d  space  X if for  each  f in i t e -d imens iona l  sub -  
space  F c E the re  exis ts  a subspace  of the s a m e  d imens ion  Y c x such  that  d(F,  Y) - ~ [where d(F,  Y) is the 
B a n a c h - M a z u r  d is tance] .  A space  E is f ini tely r e p r e s e n t e d  in X if it is ~-f in i te ly  r e p r e s e n t e d  in X for  any 
k>l. 

4. A Banach  latrine (B. l.) is a v e c t o r  la t t ice  which  is at  the s a m e  t ime a Banach  space  with the fol lowing 
re l a t ion  between o r d e r  and n o r m :  

0 < I x 1 < I y t =>1I zl] ~ I1 yll, 
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