
SELECTION OF SUBSPACES WITH SPECIAL PROPERTIES 

IN A BANACH SPACE AND SOME PROPERTIES 

OF QUASICOMPLEMENTS 

A .  N .  P l i c h k o  UDC 513.881 

In this note we establish a result which has as one simple consequence the existence of subspaces with 

special properties in certain Banach spaces. The following proposition is well known. 

LEMMA. Let X be a separable locally convex topological vector space, let Y be a finite-dimensional 

subspace of it, and let V be a closed, bounded, convex subset of X with v N Y = ~ Then there exists a fnnc- 

tional f in the dual space X* which separates V and Y. 

THEOREM I. Let X be a Banach space, let Y be an infinite-dimensional linear manifold in X, and let T 

be a separable locally convex topology which is weaker than the norm topology. Let V n be a sequence of con- 

vex, bounded, T-closed subsets such that vn N Y = D for each n. Then Y contains an infinite-dimensional sub- 

space Z whose T-closure does not intersect Vn for any n. 

Proof. We choose ~ ~ Y. Using the lemma, we separate the closed linear hull [Yl] of y~ and Vj with the 

T-continuous functional fl. We choose Y2 from the annihilator/~. We separate [Yl, Y2] and V 2 with the functional 

f2. We take y3 ~ (/~, f2) T. The process of construction and the proof are now clear. 

COROLLARY i. Let X be a separable Banach space, and let F ~ X'be a linear manifold. Then there 

exists a subspaee G ~ F whose weak * closure G is contained in the weak * closure F s of F. 

P r o o f .  As  is  w e l l  known, F s = l i n B ( F ) ,  w h e r e  B (F) = {/ ~ F: 11/It~ t} (see  [1]). The ba l l  B(X*) i s  m e t r i z -  
a b l e  and s e p a r a b l e  in the  w e a k  * topo logy  wi th  r e s p e c t  to the m e t r i c  p(f, g) = E2-k l  ( f -  g)(x k) I, w h e r e  x k i s  a 
s e q u e n c e  w h i c h  is  d e n s e  in  the s p h e r e  S(X). Any  ba l l  in th is  m e t r i c  is  convex .  T h e r e f o r e  B (X*) \ .  B (F-----~ can  be 
c o v e r e d  by a c o l l e c t i o n  of bounded  w e a k  * c l o s e d  convex  s u b s e t s  vn ~_ B (X*), u~ N R (fi = ;~. Pu t t i ng  X = X*,  
T = ~(X*, X),  Y = F in T h e o r e m  1, we g e t  the  e x i s t e n c e  of an i n f i n i t e - d i m e n s i o n a l  s u b s p a e e  v ~ F, 5-N (B (~;*) \ 

B (F)') = ~i. If ] e~ F s, [] f [t = t ,  then ] ~ B - ' ~  and / ~ ~. 

COROLLARY 2 (see [3]). L e t  X* be s e p a r a b l e .  E v e r y  s u b s p a e e  F C ;(* wh ich  i s  c l o s e d  wi th  r e s p e c t  to 
the  n o r m  c o n t a i n s  a w e a k  * c l o s e d  i n f i n i t e - d i m e n s i o n a l  s u b s p a c e .  

In T h e o r e m  1, we put  X = X*,  T = ~(X*, X),  Y = F .  We c o v e r  X* \ F wi th  a c o l l e c t i o n  of b a l l s  y~, v ,  N 

F = ~,  and  app ly  the  t h e o r e m .  

The  fo l lowing  r e s u l t  i s  s t a t e d  in  [2] and p r o v e d  in [3] w i th  the he lp  of a s e q u e n c e  w h i c h  i s  a b a s i s .  

C O R O L L A R Y  3. Suppose  tha t  X** i s  s e p a r a b l e .  Then X and  X* con t a in  i n f i n i t e - d i m e n s i o n a l  r e f l e x i v e  

s u b s p a c e s .  

P r o o f .  If we c o v e r  x** \ x wi th  a s e q u e n c e  of b a i l s ,  we g e t  the f i r s t  p a r t  of the  s t a t e m e n t .  F o r  the  p r o o f  
of the  s e c o n d  p a r t ,  we note  t ha t  x*** = x* ~ x=.  As  in C o r o l l a r y  1, we  can  c o v e r  c = B (X j-) \ 0 wi th  a s e q u e n c e  
of  w e a k  * c l o s e d  convex  s u b s e t s  of C. A p p l y i n g  T h e o r e m  1, we g e t  a s u b s p a c e  F C X*, the  a(X***,  X * * ) - c l o s u r e  
"F of  w h i c h  does  not  i n t e r s e c t  C. By C o r o l l a r y  2, we c a n  c h o o s e  a a (X*,  X ) - c l o s e d  s u b s p a e e  H in ~ N x* . It i s  
no t  d i f f i cu l t  to s e e  t ha t  ~ c x * ,  i . e . ,  ~I i s  r e f l e x i v e .  

W e  r e c a l l  t ha t  c l o s e d  s u b s p a c e s  X and Y of a B a n a c h  s p a c e  E a r e  s a i d  to be q u a s i c o m p l e m e n t a r y  i f  x N 
Y = 0  a n d  [X + Y ]  = E.  

T H E O R E M  2. L e t  X and  Y be q u a s i c o m p l e m e n t a r y ,  but  not  c o m p l e m e n t a r y ,  s u b s p a c e s  of E .  Then  t h e r e  
e x i s t s  a c l o s e d  s u b s p a e e  y~ D Y, dim Y ~ / Y  = ~ ,  Y~  N X = O. 
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This  r e s u l t  has  been  p r o v e d  in [4-6] u n d e r  a v a r i e t y  of a s s u m p t i o n s  ( r e f l e x i v i t y ,  the  p r o p e r t y  of be ing  
w e a k l y  c o m p a c t l y  g e n e r a t e d ,  s e p a r a b i l i t y ) .  We show tha t  the  a r g u m e n t  in [6] c a r r i e s  o v e r  to the  a r b i t r a r y  c a s e .  

P r o o f .  A c c o r d i n g  to [6], t h e r e  e x i s t s  in E a c o u n t a b l e - d i m e n s i o n a l  s u b s p a c e  Z such  tha t  fo r  any  z~ z, z 4= 0, 
t h e r e  a r e  no bounded s e q u e n c e s  .~n ~ x and y~ ~ y s u c h  tha t  IIx n + Yn - z II - -  0. The  s p a c e  [Z + Y ] / Y  i s  s e p a -  
r a b l e ;  t h e r e f o r e  i t  i s  p o s s i b l e  to c h o o s e  a s e q u e n c e  /i ~ E* fo r  wh ich  Y ~_ (/~)T and (h)TN M = 0, w h e r e  M = 
X N I Z + Y ] .  Le t  

tv i = {~ ~ M: I] ~= II ~ / ,  /~ (~) >~ t/i}. 

By v i r t u e  of  the c h o i c e  of  the func t iona l s  f i ,  t h e r e  e x i s t  bounded s e t s  W! a t  a n o n z e r o  d i s t a n c e  f r o m  Y such  tha t  
1 

U tV~" = M ~ 0 .  Indexing  the W! we g e t  a s e q u e n c e  Vn. F u r t h e r m o r e  a p p l y i n g  e x a c t l y  the s a m e  a r g u m e n t  a s  in 
i , j  1 ' 

[6], we can  c o n s t r u c t  s e q u e n c e s  of e l e m e n t s  z~ ~ 7, and  c l o s e d  h y p e r p l a n e s  / ~  c E such  that  fo r  e v e r y  n, a) 
n-1 cc z ~ [ z j ] ,  , b) v ~ N / / , ,  a n d c )  Y+[z i ]  1 C H n .  T h e s u b s p a c e Y ~  = [Y + ( z i ) ~ ] i s  the one sought .  

We s a y  tha t  the  B a n a c h  s p a c e  X is  n o r m a l l y  i m b e d d e d  in the Banach  s p a c e  Y if  x c Y, I1 x lllY < [1 x IJx fo r  
x ~ x ,  and the l i n e a r  m a n i f o l d  X i s  d e n s e  in Y but  does  not  c o i n c i d e  wi th  Y. As was  shown by M. I. K a d e t s ,  we 
have the fo l lowing  c o n s e q u e n c e  of T h e o r e m  2. 

COROLLARY 4. Suppose  tha t  X i s  n o r m a l l y  i m b e d d e d  in Y. Then  t h e r e  e x i s t s  a c l o s e d  i n f i n i t e - d i m e n -  
s i o n a l s u b s p a c e  z ~ Y ,  Z N X = O .  

We ge t  i t  a s  a c o n s e q u e n c e  of T h e o r e m  1. We c h o o s e  a s e p a r a b l e  s u b s p a c e  x~ c x on wh ich  the n o r m s  
II IIX and II IIy a r e  not  equ iva l en t .  L e t  Y~ be the c l o s u r e  of X1 in Y and l e t  x2 = x N Y~. Then (X2, [I IIx) i s  n o r -  
m a l l y  i m b e d d e d  in (Y1, [I I[y), and  Y1 is  s e p a r a b l e .  We denote  the c l o s u r e  of the uni t  ba l l  in X 2 wi th  r e s p e c t  
to the n o r m  in Y by C. F r o m  L e m m a  1.2 of Chap.  1 of [7] i t  is  not  d i f f i cu l t  to ge t  (see  [8]) the e x i s t e n c e  of an 
i n f i n i t e - d i m e n s i o n a l  s u b s p a c e  z ~ c  Ya, Z, NC = O. We c o v e r  the s e t  c \ 0 wi th  a s e q u e n c e  of b a l l s  Wn of  the s p a c e  
Y1, w ~  0 .  Then the c o l l e c t i o n  vn = w~ N c c o v e r s  c \  0 ,  and we can  app ly  T h e o r e m  1. 

COROLLARY 5. L e t  the s e p a r a b l e  s p a c e  X be n o r m a l l y  i m b e d d e d  in Y. Then  Y* c x * ,  and t h e r e  e x i s t s  a 
~(X*, X ) - c l o s e d  i n f i n i t e - d i m e n s i o n a l  s u b s p a c e  F, ~" N Y* = 0 in X*. 

P r o o f .  The ba l l  B(Y*) i s  w e a k l y  • c o m p a c t  and t h e r e f o r e  c l o s e d  in the topo logy  ~(X*, X). As  in the p r e -  
c e d i n g  c o r o l l a r y ,  t h e r e  e x i s t s  an i n f i n i t e - d i m e n s i o n a l  s u b s p a c e  F1 wh ich  does  not i n t e r s e c t  B(Y*). We c o v e r  
the s e t  B (y*) \ 0,  w h i c h  is  s e p a r a b l e  and m e t r i z a b l e  in the topo logy  ~(X*, X), w i t h a  s e q u e n c e  of s e t s  Wn wh ich  
a r e  convex  and ~(X*, X ) - c l o s e d ,  and then  put t ing v~ = w~ N B (Y*), we app ly  T h e o r e m  1. 
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