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PROPERTY OF BOUNDED APPROXIMATION AND LINEAR 

FINITE-DIMENSIONAL REGULARITY 

F. S. Vakher and A. N. Plichko UDC 518:517.948 

L e t  E be a B a n a c h  s p a c e ,  E* be  i t s  dual  s p a c e ,  and M be a l i n e a r  s u b s p a c e  of E*.  One s a y s  tha t  E has  
the p r o p e r t y  of bounded  a p p r o x i m a t i o n  if one can f ind a X such tha t  fo r  any f i n i t e - d i m e n s i o n a l  s u b s p a c e  X c B 
and e > 0 t h e r e  e x i s t s  a f i n i t e - d i m e n s i o n a l  s u b s p a c e  R :E  -* E wi th  I1RI] - X and I]Rx - xll -< ellxl] fo r  x ~ X (cf. 
[1]). The o b j e c t  of o u r  i nves t i ga t i on  wi l l  be  the s a t i s f a c t i o n  of the c o n d i t i o n s :  

(A) One can  f ind a >- 1 such  tha t  fo r  any f i n i t e - d i m e n s i o n a l  s u b s p a c e s  X ~ E  and  F ~ E *  t h e r e  e x i s t s  a 
l i n e a r  o p e r a t o r  T : F - -  M with  <x, f )  = <x, Tf )  fo r  a l l  x E X, f E F and max{lITII ,  lIT-Ill} < a;  

(13) E has  the p r o p e r t y  of bounded  a p p r o x i m a t i o n ,  and the i m a g e s  R ' E *  of the conjuga te  o p e r a t o r s  b e l o n g  
to M. 

It  i s  e a s y  to get  f r o m  L e m m a  2.4 of [1] tha t  (]3) =~ (A), and f r o m  L e m m a  3.1 of the s a m e  p a p e r  tha t  if 
the  space  E has  the p r o p e r t y  of  bounded  a p p r o x i m a t i o n ,  then (A) => (B). F r o m  p r o p e r t y  (B) fo l lows the n o r -  
m a b i l i t y  of  the  s u b s p a e e  M [ i . e . ,  the n o r m  IIIxlll = sup{f(x) : f  E M, (Jill = 1} is  e qu iva l e n t  with the o r i g i n a l  n o r m  
Ilxll of the s p a c e  E l .  But ,  a s  fo l lows  f r o m  [2], the  n o r m a b i l i t y  of the s u b s p a c e  M does  no t  i m p l y  (]3) even if 
the  s p a c e  E has  a b a s i s  (at l e a s t  fo r  c o m p l e x  s p a c e s ) .  We give an ana logous  e x a m p l e  of a r e a l  s p a c e .  In con-  
nec t ion  with  th i s  t h e r e  i s  i n t e r e s t  in c l a r i f y i n g  the cond i t ions  u n d e r  which  (]3) [or  (A)] n e v e r t h e l e s s  h o l d s .  The 
m o s t  i m p o r t a n t  r e s u l t  in t h i s  d i r e c t i o n  i s  the p r i n c i p l e  of Local r e f l e x i v i t y  [1], f r o m  which  i t  fo l lows tha t  if 
M* = E in the  dua l i ty  e s t a b l i s h e d  be tween  E and M, then (A) ho lds .  T h e r e  a r e  o t h e r  r e s u l t s  in [3]. We give  
one c l a s s  of Banach  s p a c e s  {g~ - s p a c e s ) ,  which  a r e  i m p o r t a n t  in a p p l i c a t i o n s ,  fo r  which  any n o r m a b l e  s u b -  
s p a c e  has  p r o p e r t y  (B), and we ind ica t e  the connec t ion  of the  r e s u l t s  ob t a ined  with the t h e o r y  of r e g u l a r t z a t t o n  
in the s e n s e  of T ikhonov of i l l - p o s e d  p r o b l e m s .  In p a r t i c u l a r ,  we c o n s i d e r  F r e d h o t m  i n t e g r a l  equa t ions  of the 
f i r s t  k ind and the p r o b l e m  of a n a l y t i c  con t inua t ion  of a funct ion f r o m  a p i ece  of the b o u n d a r y  to the e n t i r e  
d o m a i n .  

E x a m p l e .  L e t  l l  be  the  s p a c e  of a b s o l u t e l y  s u m m a b l e  s e q u e n c e s .  I ts  dual  is  the  s p a c e  l ~  of bounded  
f . . . ~ �9 . unc tmns  f(]) of  a n a t u r a l  a r g u m e n t .  We c o n s t r u c t  the  s e t  {fn(J)}~=2 m the fo l lowing  way.  F o r  k = 1, 2 . . . . .  

in the s e t  {fn(J)} : 2k - n < 2 k+~ we put  a l l  func t ions  equa l  to z e r o  fo r  j > k and a s s u m i n g  the v a l u e s  :~1 fo r  
j -< k ( there  a r e  2 k d i f f e r e n t  such func t ions) .  We c o n s t r u c t  a g r a p h  of s u b s e t s  of  the s e t  N of n a t u r a l  n u m b e r s  
in the fo l lowing  way.  We d iv ide  N = NI into two inf in i te  s e t s  N~ and N~. Each  of the  s e t s  ob t a ined  we aga in  
d iv ide  into two inf in i te  s e t s  N~, N~ ~ N ~ 3 4 ~ 2 2 and N3, N3 N~, and so on. We ge t  a s equence  of inf in i te  s u b s e t s  
(~Ti ~i=1,2 n-1 _ 2n-1, �9 ,n,n=i,r  , hav ing  the fo l lowing  p r o p e r t i e s :  fo r  any n and i < 
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For 2 k-<n < 2 k+l (k= 1,2 .... )we set 

[ I for ]E({N~: I ~i<~2 ~-', i odd } \ { I  . . . .  ,k}), 
a ( J ) - - / - 1  for IE({N!,:I<~f<~2 n-', i even}\{1 . . . . .  k}), 

tfk(./) for LEO . . . . .  ~} 

and we denote by M the closed (in the norm of the space /oo) linear hull of the sequence {gn(J)}n~=2. 

We shall show that for any x E/I, II xll -~ sup (x, g~). It is obvious that it is sufficient to verify this equation 
n 

for sequences x having a finite number of nonzero coordinates. Let x = (a I ..... ak, 0, 0 .... ), so one can find 

a 2 k -< n < 2 k+l such that gn(J) = signaj (I _< j _< k), and hence (x, gn) = [[xI[. By construction, [IgnlI = I, so the 

subspace M is normable. 

We shall  show that  fo r  any finite eo t lee t ion  of s c a l a r s  (b~)~ b~gz = ~ I bzl, i . e . ,  the subspace  M is i s o -  
2 

m e t r i c  with l~. F o r  this it suf f ices  to e s t ab l i sh  the ex i s t ence  of a n u m b e r  j sueh that  

g l ( j ) = s i g n b  l, l-----1 . . . . .  n. (1) 

In fac t ,  we choose the set  N~ 2 f r o m  the graph  {Ntn} fo r  which g2(J) = signb2 fo r  ]EN~'\{I}.  Then N~'=N~', fo r  

which g3(i) = s ignb  a f o r  jEN~'\{1} and at the m - t h  s tep (tn~n)N~m~ff, m - l . ,  m-~, f o r  which gm(J) = s i g n b m  fo r  
im 

]EN= \ {1  . . . . .  /~}, w h e r e  k m is such that  2 km -< m < 2 km+l.  Accord ing  to the cons t ruc t ion  of the funct ions gl 
in 1 such a choice is possible at each step. By the same token, for ]ENn\{ ..... krn} (1) holds. But for the sub- 

space M ~ l~, isometric with Ii, condition (A), and hence also (B), is not satisfied, since c o ~ l= is not 
k-finitarily representable in II for any k (cf. e.g., [4, (2.4)]). 

We recall that the Banach space E is called an ~ -space if there exists a k > 0 such that for any finite- 

dimensional subspace X ~ E there exists a finite-dimensional subspace X ~ Y~ E and a linear bfjeetive oper- 

ator T: Y -- l~ (n) with norm max{l[T[l l[ T-![I} < k. Examples of ~= -spaces are the classical spaces co, l~, Loo, 

C(Q), where Q is a Hausdorff compactum (cf. [5]). 

THEOREM I. For an ~ -space E, normability of the subspace M~E* is equivalent with condition (B). 

Proof. Let X~ E be a finite-dimensional subspace and Y, k, T be objects of which one speaks in the 

definition of ~ -space. We denote by j :E -- M the natural imbedding; since the subspaee M is normable, 

one has max{[[jl[, llj-I[l} = tl < co. We consider the map jTj -I :jY -- l(~ n). According to [6, Chap. V, Sec. 8, 

Theorem 3] it can be extended to an operator S :M* -- l~) preserving the norm. We set S I = T-IS. Let e > 0, 
so by Lemma 3.1 of [I] there exists a weak* continuous [i.e., or(M*, M)-continuous] operators 2 :M *-~ jY, coin- 

ciding on the subspace jY with S1 and having norm IIS2[[ -< (i + ~)I[Sdl. We set R = j-I(S2]jE) j. We verify that 
(]3) holds for the operator R. If xE X ~ Y, then Rx = ]-l (Sz " "'-I �9 .-i -i �9 - --l. ,~ .-l. Iw) lx=!_ (S~lw) t x = !  T S i x= l  !T T! lx=x.  
M o r e o v e r ,  l[ R 1[ ~ [} ] - '  II ][ $2 [] [[ ] [[ ~ ~ (1 +8)[] S, f]~ ~' (1 + e)[] T - '  I[ ]] S ]1 ~-~ ~ (1 -{- 8) ~.[] ] l[ I] T t[ [] ] '~ [[ ~ ~'~.~ (i + ~). We 
shal l  show, f ina l ly ,  that  R'E* ~ M. In fac t ,  by cons t ruc t ion ,  the ke rne l  of the r e s t r i c t i o n  S2[jE of the f in i te -  
dimensional operator $2 has in jE finite defect and is (r(E, M)-closed. Hence, the kernel kerr is the annihila- 

tor L • of some finite-dimensional subspace L ~ M. The annihilator (ker R) • ~ E* coincides with the closure 

of the subspace L in the weak* topology of ~r(E*, E). Since L is finite-dimensional, one has R'X* ~ (kerR) • ----- 
L ~ M. The theorem is proved. 

We proceed to the problems of regularization. We consider a linear continuous injective map A of the 

Banach space X into a normed space Y. The inverse operator A -I is called Tilohonov regularizable if there 

ex i s t s  a fami ly  of maps  R 5 :Y ~ X, 8 E (0, 6 0) such that  f o r  any x E X, sup{[]x - Rsyll :y  ~ Y, Ily - Ax[] ~ 5} ~ 0  
as 6 ~ 0. K all the maps R 5 are linear (finite-dimensional), then the operator is considered linearly (finite- 

dimensionally) regularizable. On the basis of the results of [3] and the example, we conclude that there exists 
a real Banach space X with basis and a linear contraction A :X ~ Y for which A -I is regularizable, but not 

linearly regularizable. From results of [7, 8] and from Theorem I, we get that for an operator defined in a 

separable ~ -space, regularizability is equivalent with linear finite-dimensional regularizability. We illu- 
strate the last assertion on an example of integral operators. 

b 

THEOREM 2. The solution of a Fredholm integral equation of the I type Ax = .I K(s, t)x(t)dt = g(s), 
a 

x(t) ~ C[a, b], y(s) E L2[a , b] is a linearly finite-dimensionally regularizable problem if the operator A can be 
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extended to a cont inuous l i nea r  o p e r a t o r  A : L  2 ~ L2 this  is poss ib l e ,  e . g . ,  if t K (s, t) ~ dsdt ~ oo with f ini te-  

d imens iona l  kernel kerA. ~ ~ 

Proo f .  We denote by i : c  - -  L2 the na tu ra l  imbedding.  Then A = AI. Since d i m k e r A  < oo, the c lo su re  
in the n o r m  of the subse t  ~t*L~ ~ L~ h a s  finite defect .  M o r e o v e r ,  it is ea sy  to see that  I*L~ ~ C* is a n o r -  
mable  subspace .  Since no rm a b i l i t y  of a subspace  is equivalent  with no rmab i l i t y  of its c losu re  and a comple te  
s u b s p a c e / g  ~ N with the condit ion d i m N / M  < oo of a n o r m a b l e  subspace  N is a lso  n o r m a b l e ,  so A*L~= I*A*L~ 
is a n o r m a b i e  subspace .  Hence (cf. [815 the o p e r a t o r  A - I  is r e g u l a r i z a b l e ,  and consequent ly ,  l inear ly  f in i te -  
d imens iona l ly  r e g u l a r t z a b l e .  The t h e o r e m  is p roved .  

As shown in [9], the condit ion of f in i t e -d imens iona l i ty  of the ke rne l  k e r A  here is e s sen t i a l .  

Le t  A(D) be the Banach space of funct ions  analyt ic  inside the disk D and cont inuous up to the boundary  
with n o r m  ]Ix j] = max{[ x(z)t}, F be a compac t  subset  of the c lo su re  of D, H :A(D) - -  C(F) be the o p e r a t o r  of 

zED 

r e s t r i c t i o n  of funct ions f r o m  A(D) to F. A l i nea r  s ing le -va lued  b r a n c h  of the map R -1 we call  an o p e r a t o r  of 
analyt ic  extens ion and denote it by T. 

Depending on the topological  and m e t r i c  p r o p e r t i e s  of the set  F the re  a r i s e  va r ious  p rob l ems  connec ted  
with the o p e r a t o r  of ana ly t ic  cont inuat ion.  F o r  example ,  if F is a subse t  of the bounda ry ,  of l inea r  Lebesgue  
m e a s u r e  z e r o ,  then R(A(D)) = C(F),  but  the map R -~ is muI t iva lued  and the quest ion of exis tence  of an o p e r a -  
t o r  T a r i s ing  in connect ion with this r e d u c e s  to the p rob lem of i so la t ion of a s ing le -va lued  continuous l inear  
b r a n c h  of the map  H -1. This p rob lem was  solved in [10], where  the r e s u l t s  of [11] a re  used essen t i a l ly .  

Now if F is a p r o p e r  subse t  of the boundary  D a n d ~ F  > 0, then,  as is known (cf. e . g . ,  [1215, R(A(D)) is 
dense in C(F),  but  does not coincide with it; the map R -1 is s ing le -va lued ,  i . e . ,  the o p e r a t o r  of analyt ic  con-  
t innation T ex i s t s ,  is defined on a dense subse t  of C(F),  and, as  is ea sy  to see ,  is unbounded t he r e .  In con-  
nect ion with th i s ,  there  a r i s e s  the ques t ion of the poss ib i l i ty  of its r egu la r i za t ion  and the admiss ib le  p r o p e r t i e s  
of a r egu l a r i z i ng  fami ly .  The fol lowing t h e o r e m  a n s w e r s  this quest ion.  

THEOREM 3. The o p e r a t o r  of analyt ic  extens ion  f r o m  a compac t  subset  F of the boundary  of the disk D, 
F ~ 0D, t~F > 0, admi t s  a l inea r  f in i t e -d imens iona l  r egu l a r i za t i on .  

Our  chosen  method  of proof  of the t h e o r e m  leads  to the cons ide ra t ion  of two va r i an t s :  15 the c o m p l e m e n t  
of F is dense in L = ~D, 25 L \ F  is not  dense in L .  In this  note we give the proof  of the second var ian t .  

We note f i r s t  that  a cco rd ing  to [7], to prove T h e o r e m  3 it suf f ices  to ve r i fy  that  the subspace  R*(C* • 
(F)) ~A*(D) is quas ibas i c .  We shall  prove this .  F o r  the spaces  dual to A(D) and C(F),  the re  are  known the 
decompos i t ions  A* (D) = ~/H~ @ l, C* (F) = ~ @ lr, where  ~ ( ~ )  a n d / ( / F )  are  the 
t ively  absolu te ly  cont inuous and s ingu la r  with r e s p e c t  to the Lebesgue  m e a s u r e  on 
space of ~ cons i s t ing  of m e a s u r e s  on L whose Po i s son  in t eg ra l s  a re  ana ly t ic  in 
z = 0 .  

It is  ea sy  to see that  the imbedding R* : C*(F) - -  A*(I)) c a r r i e s  the s u m m a n d  ~ into the subspace  ~/H~. 
We shal l  prove that  "R* ( ~ )  is dense in the n o r m  in ~l/H~o. We c o n s t r u c t  a map  I : ~ - +  ~ ,  V z (t)E ~ 

i (x (t)) = [ x (t), t E r ,  
o, t E L \ r .  

Obvious ly ,  i is i s o m e t r i c  with the inclus ion,  and the o p e r a t o r  P :  ~ - +  I (~ ) ,  defined by the equat ion yr (t)E 2 i 

r (t), tE r ,  
p ( r ( t ) ) =  0, t E L \ r ,  

is a continuous p r o j e c t o r .  It is a l so  obvious that  the map R * I - I P  is the r e s t r i c t i o n  of the subspace  I ( ~  (F)) of 
the canonica l  map  of the subspace  ~ onto the quotient  space ~/H~o. ~ r we identify with its i - i m a g e  in ~1 and 
we note that  fo r  the densi ty  of R* (~}  in the space  ~/H~ it is suff ic ient  that  the subspace  H~0 + ~ be dense in 
the n o r m  in ~a. We shal l  prove the densi ty  of HI) + ~ in ~ .  

The c lo su re  of the se t  L \ F  we denote by A, and the subspace  of funct ions f r o m  9~, equal to ze ro  on 
L \ A ,  we denote by ~ .  

We note that  the set  of bounded funct ions f r o m  H~ onto A is dense in ~k i n  n o r m .  In fac t ,  s ince 
0 < m e s a  < m e s L ,  the se t  of bounded funct ions f r o m  A(D)onto A i sdense  in C(A) [12, pp. 118-119],  M o r e o v e r ,  

s p a c e s  of m e a s u r e s  r e s p e c -  
L (on F), and H~ is the sub-  
D and vanish  at the point  
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the set H~ N A(D) = Ao(D ) is the kernel of the functional fEA*(D) : V x EA(D), [(x) = .i x(t) t-idt, unbounded in the 
L 

norm lIIxltt-- supix(t)], so A0(D) is dense in A(D) in this norm.  That is, the set of bounded functions from 
,EA 

A0(D) onto zX is dense  in C(ZX) in n o r m ,  a l l  the m o r e  in ~k. Let  us a s s u m e  that  x(t)E~', and e > 0. We note 

that x~ = x - -PxE  ~ .  Then one can find an element h E H~ such that ]l x 1 - -h I  A ]1~ < e ,  so we have the decompo- 
s i t i o n x = P ( x - h )  + h + ( x ~ - ( h -  Ph)), i n w h i e h P ( x - - h ) - l - . h E ~ r - [ - H ~ ,  and[IXl~--(h_Ph)I[~<e,  " ~ i . e . ,  H0 ~- ~r 
is dense in the space ~ .  This means the subspace R*(gr) is dense in ~'/H~. Keeping in mind the functional 
representat ion of the components of ~/H~ [13], we note that ~/H~o contains a sequence of funetionals,  dual to 
the sequence {z~}~ ~ A (D). Consequently ,  since (zn)~~ is an opera tor  basis  in A(I3), the subspace g~/H~o ~ A*(D) 
is quasibasie.  Whence, as proved in [7], follows the fact that R*(2~.) is quasibasie.  The theorem is proved. 
We note that regular izabi l i ty  (but not l inear finite-dimensional) of the opera tor  of analytic continution f rom the 
curve P to the entire domain was proved in [14]. 

Note. Proper ty  (B) was also studied in [15]. There is a nonempty intersection of this paper  with the 
resul ts  given in [3, 7], e . g . ,  the theorem from [15] and Theorems 2, 3 of [4] are s imi lar .  We note also that 
it follows f rom [16, Proof  of Theorem IV] that if R n is a sequence of l inear continuous f ini te-dimensional  
opera tors  R n :E ~ E and IIRnx - xl[ ~ 0 for  any x E E, then an M-basis  (xn, fn) of the space E for  which 
U ~'R~E* ~ [t~]r i s  a general ized summation bas is .  On the other  hand, for  any separable Banaeh space E and 
complete subspaee M ~ E  ~" there exists an M-basis  x i, fi with fi E M [16]. Thus, f rom the fact that the subspace 
M is quasibasie follows the existence of a general ized summation basis  x i, fi with fi ~ M. 
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