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Consequently,  the condition for  the [WN, Pnlp-method is satisfied.  It remains  to apply T h e o r e m  A. 
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Let E be a normed  l inear  space ,  E '  its duaL A set { ea ,  fa}a  ~I is cal led a total biorthogonal sys tem if 
fa(efi) = 5af  t and {fa} is total in E' .  If, in addition, {ca} is total in E,  { e a ,  fa} is ca l led  an M-basis  (Marku- 
shevich basis) .  We say that an M-basis  is bounded if sup IJ f~ [[ l ]e  [[ < ~ , e -no rmed  if sup I[f~tl I[ e I I ~ 1 + 8, and 
normed  if e = 0. ~ 

The following two prob lems  a r e  posed in [1, p. 205]: 1) does there  exist  a normed  M-bas i s ,  i~ every  
separable  Banach space,  and 2) does there  exist  a bounded M-basis  in such a space. 

We prove  a proposi t ion which is weaker  than the f i r s t  p roblem,  but s t ronger  than the second,  along with 
other  c losely re la ted  asse r t ions .  In this paper  we use the following notation: [M] is the c losure  of the l inear  
span of the s e t M ,  M •  E a n d M  • = { x ~ E : x ( M ) = 0 } i f M c  E' ;  d(M,N) is the distance 
between the se ts  M and N. 

Separable  Spaces. The following s ta tement  was announced in [2]. 

THEOREM 1. F o r  every  separable  normed  l inear  space E and e > 0, there  exists an e -normed  M-basis .  

Proof .  Construction.  Let {hi} be a s t r ic t ly  increasing sequence of natural  numbers  a n d w r i t e  Pi = 

ni--I s=lr } In: ~ n s < n  < ~  n 8 . On the basis of L e m m a l  of [3], we choose a biorthogona[ sys tem {Xn, gn} in which t 
IIxnl[ = IIgnH = 1 and 

a) d(x, [xn:n  E P s, s > i]) > It x I [ /2  for  x ~ [xn :n  e P s ,  s _< i], and hence d(x, [xn:n  ~ Pi]) > IIxH/8 for  
x r  

b) 1/2Hxll12 <_ I Ix[! -  3/2[[x1112, where  x=,ep~.~ a=x,. []xitl, = ~// ~eP, ~ (a,)~; 

c) [[Xn]~ + {gn} x] = E ,  [Xn]~ N {ga} • = 0. 
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According to Theorem 3 in [41, {Xn, gn} can be extended to art M-basis using sets {yj} c {gn} • and 
{hj} c ([Xn]~) • with II yj li = 1. 

k ~r {n k} c such a Let d{yj, h;)  = aj.  We choose a double sequence {nj }j, k=l ,  {ni} in way that for all  k and j 

I n / - 1  for k=/=l, 
(n~-l)~ 29> ~ (1) 

/n-,~, ~<e;  8 ~ ~-for .%=1. 

fo,  eUPL 
ik 

for nEPJ, 

for n E P~, te=/= l, 

Choose {fn} such that fm(en) = 5mn (it will be shown below that e n ~ Dn, and hence 

We denote by pk that Pi  for which nj'" = n i. We put 

I 

en = { xn + Y / ] /~ i  

I 

~ o  

and D n = [{em} 1 ken].  
such a choice is possible). 

(2) 

Totali ty of {en}. Applying (2), condition b), and (1_) in succession,  we obtain 

Thus {yj} ~ [en]~; by (2) and condition c), {Xn} c [en]~ and [en] ~ = E. 

Totali ty of {fn}- By the construct ion of {fn} and the density of {en~ in the space E,  the totality of {fn} is 
equivalent to the equality 1-1 [e~]7~ ---- 0. 

r n  

But A [e . ]~c({e~} [_J {hD) x = 0 and hence  {fn} • = 0. 
m 

Inequality sup Ill. IlJle~ JIG l + 8. We f i rs t  show that 

d(e,,, D.) > 1 -- el2. (3) 

Choose any element z in the l inear span of the set {em}~ \en :  

z =  Z z t ,  ziE[es:sEPi]. (4) 

If n@ U P], then (3) follows at once from the construction; assume that n E pk. By (2), condition b), 
tk 

and (l), II en - z II -> Ilxn - z II - e /4 .  Assume that 

Ux.--zll< 1 --8/4. (5) 

_~+i Z Then by (2) there exists a t e rm ,s = a,e~ in the sum (4) for which 

+' / /  
(6) 

l .  We show that there exis t s  a te rm z~ = ~ clue, in sum (4) for which 
sEP k 

~ t > 1 1  ] n~-, fo, k~l ,  
V /a, for k = I. (7) 
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Indeed ,  apply ing  (5), condi t ion a),  and condi t ion  b ) s u c c e s s i v e l y ,  we  get :  

1-- s/4 > [[ x~ -- z j, = lj (x  ~ -- ~ (b~ + %) x~) 

Hence  (1 - -  e/4) ~ > /2  -~ X (b~ + a~) ~. Making s o m e  a l g e b r a i c  t r a n s f o r m a t i o n s ,  we  have  

! 

~EP~.s~n 

Dividing the las t  inequal i ty  by 21bkl and  using (6) and (1), we obtain 

,e*7 I [V-g/a, for k =  1. 
(s) 

It  fol lows f r o m  the cho ice  o f z  that  a n = 0 and hence  (7) is p roved .  F o r  k ~ 1 we go to P a r t  2 below,  f o r  k = 1, 
to P a r t  3 below. 

2. Thus, 

whereb~ -~ a~ n,. ; pugui = b; 

k--I X ~se~ tha t  t h e r e  ex i s t s  a t e r m  z~ = 

! 

t b ~ - ' l >  l, (9) 
X x. .  We use  once m o r e  a r g u m e n t s  s i m i l a r  to those  of ! .  We show 

/ 

in the sum (4) f o r  which  

i ~ k--2 
, 1% >~ __ for k:-'~2, 

tVn~/aj for k=  2. 

Indeed,  applying (5) and  condi t ions  a) and b) in succession, we obtain 

} - -  ~ ] 4  ~ tl Xn - -  Z II ~ -  Xr, - -  " /  c E ~  - I  \ 1 ~ 

! 

Hence  (1 - -  8/4) 2 ~. 2 -8 ' ~  (b~ - l  4- aA 2 . Making s o m e  a l g e b r a i c  t r a n s f o r m a t i o n s ,  we have 
sfipk.--I 

! 

~-'~ (b}-~)~ -- 2 s ( l -- ~I~)~. 

Dividing this inequal i ty  by 21bk-*l and  bea r ing  in m i n d  (9) and  (1), we ge t  (10). F o r  k ~ 2,  we go back  to 

the beginning of p a r t  2, r ep lac ing  k by k - 1; fo r  k = 2, we go to P a r t  3 below. 

3. A f t e r  f ini tely many s t e p s ,  we c o m e  to the conc lus ion  that sum (4) conta ins  a t e r m  z} = ~ ~x~ + g ,  
s~p[ 

I 

this con t r ad i c t s  (5), so  that  (3) holds.  As  is eas i ly  ve r i f i ed ,  Itfntl ~ 1 / d  (en, Dn), and  t h e r e f o r e  

tl f,, {I 11 e.ll <(1 + el4)/d(e,,, Dn) ~ (1 + el4)/(! - -  el2) ~ I + ~. 
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The last inequality holds for ~ < 1 / 2 ,  which causes no loss of generali ty.  The theorem is proved. 

COROLLARY 1. In any separable  normed l inear  space E we can for every  ~ > 0 introduce a norm 
lixll -< illxtll -< (1 + 2~)Ji such that the space (E, ill- it[) possesses  a normed M-basis .  

Indeed, let {en, fn} be the sys tem cons t ruc ted  in Theorem 1; then as the norm I11-li{ we can take the gauge 
function of the set {x r E: l ix l i  <- 1, fn(x) _< fn(en), n = 1_oo}. 

COROLLARY 2. Let 11 ( -  c o be the natural imbedding of the space of absolutely summable  sequences in 
the space of sequences converging to zero.  Every separable  Banach space E is e - i somet r ic  to a space E1 
intermediate  between ll and c o (i.e., ll c E1 c Co, both imbeddings being dense and II x IIc0 _< li x liE1 -< II Xllll for 
x ( l l ) .  

WCG-Spaces.  A Banach space E is said to be a WCG-space (weakly compactly generated) if it is gene r -  
ated by a set U, [U] = E which is compact  in the weak topology a(E, E') .  In par t icu la r ,  separable  and reflexive 
spaces a re  WCG-spaces .  

THEOREM 2. In any WCG-space there exists a bounded M-basis .  

Proof .  We denote by dens E the smal les t  cardinali ty of the everywhere  dense subsets of E,  and let a 0 be 
the f i rs t  ordinal number with the same power as dens E. 

Let {ni} be a s t r ic t ly  increasing sequence of natural  numbers ,  and let the Pi be the same as in Theorem 
1. It follows f rom [3] that in any WCG-space  we can choose a bounded biorthogonal sys tem {xna ,n in=l, ~o , x~Ji----_ t~ < ~ 0 

such that for  all ~ and Pi:  

a) d(x, [x~: n ~ Pi V/3 ~ a]) > Iix11/8 f o r x  ~ [x~: n r P i / ~  13 = a];  

b) c11x11/2 _< Ilxll < C tlxll/2 , where  x=~,,"x"_~ ~, II xl l  z~ = ta~) 2, O < c ~ C <  ~;  
~EP nEP �9 

n rfn ]• c) M fIN = 0,[M + N] = E, where M = [xa]~, n, N = L e , a , n .  

Consider  the quotient space E / M .  The image I~ of the subspaee N under the canonical mapping K: E - -  
E / M  is an everywhere  dense subspace of E / M .  Carry ing  out the same arguments  as in [5], it can be shown 
that there exists an M-basis  {~fi, gfi}#<ao , Yfi ~ fq in E / M .  Choose representa t ives  yfi ~ N inyfl.  To each yfi 
we associa te  in one- to-one fashion some sequence {xn}n=l. If we fur ther  c a r r y  out exactly the same cons t ruc -  
tion as in Theorem 1, we can cons t ruc t  a bounded M-basis  in the space E. The theorem is proved. 

COROLLARY 3. In any reflexive Banach space there exists a bounded M-basis.  

In conclusion, the author expresses  his grati tude to Yu. I. Petunin for his in teres t  in this work. 
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