
SOME PROPERTIES OF THE SET OF FUNCTIONALS 

WHICH ATTAIN THEIR SUPREMUM ON THE 

UNIT SPHERE 

Yu. I. Petunin and A. N. Plichko UDC 519 

A cont inuous  l i nea r  funct ional  f(x)6 E' is sa id  to at tain i ts  s u p r e m u m  on the unit  sphe re  of the space  
if the re  ex i s t s  an e l emen t  x 6 E  such that  

t lxll  = I, : ( x ) = l l : l l .  

We denote by ~ the se t  of all funct ionals  of E' which at tain the i r  s u p r e m u m  on the unit  sphere .  If the 
space  E is nonre f lex ive ,  se t  91I is in gene ra l  a non l inea r  ent i ty  with a c o m p l i c a t e d  s t r u c t u r e ,  and inves t iga -  
t ion of the p r o p e r t i e s  of ~ involves  obvious  diff icul t ies .  At p r e sen t ,  not  much  in fo rmat ion  is avai lable  on 
the s t r u c t u r e  of ~ ;  we only know that  it is  e v e r y w h e r e  dense in the s t rong  topology of the conjugate  space  
[1]. It should a l so  be men t ioned  that  funct ionals  which at tain the i r  s u p r e m u m  on the unit  sphe re  play an i m -  
po r t an t  ro le  in t heo ry  of app rox ima t ion  and in terpola t ion  in Banach space  [2, 3], in v iew of which, s o m e  
r e s u l t s  on the p r o p e r t i e s  of such funct ionals  a r e  d e s c r i b e d  in the a r t i c l e s  quoted.  In the p r e s e n t  a r t i c l e  
we d i scus s  some  fac ts  c o n c e r n i n g  the s t r u c t u r e ,  both of 91I i tself ,  and of ce r t a in  spec ia l  subse t s  of it. 

1. Let  St(E' ) be the unit  sphere  of the conjugate  space  E ' .  

THEOREM I. The se t  

T2~ 1 = 97~ lq $t rE') 

is connec ted  in the weak topology a(E ' ,  E). 

P roo f .  A s s u m e  that  the re  ex i s t  two se t s  A and B, open in the weak topology o-(E ~ , E), non in te r sec t ing ,  
and such  that  

A U B ~ 92~ 1, A fl gR, =/= Q , B n ~ t  ::y& f,~ . 

Let  f06A fl Y/~, f~EB f l g ~ ,  and let  x i be the e l emen t  of the unit sphere  of space  E on which fi a t ta ins  
the n o r m  (fi(xi) = 1, i = 0, 1). We shal l  show that  the funet ionals  fi can be so chosen  that  x 0 ~ --x i. For ,  
let us  f i r s t  take as  fl an a r b i t r a r y  funct ional  of A N ~/~; a s s u m e  that,  fo r  any f e b  N ~ f(--x0) = Ilfll = 1; 
then f will be long to the hyperp lane  M_x0 = {f: f(--x0) = 1, f 6 E ' } ,  and hence  B N ~ l a c  M_x0. K it tu rns  out 
that,  f o r  any gEA O ~ x ,  

g (xo) = 1. 

then A f l ~  Mx0 = {f:f(x0) = 1, f 6 E ' } .  We obtain the imbedding  

9-~ i ~ M~. U M-x . ,  

which c o n t r a d i c t s  the a b o v e - m e n t i o n e d  t h e o r e m  due to Bishop and Phe lps  [1] to the effect  that  the se t  ~a  is 
dense in the unit  sphe re  SI(E'  ). Hence the funct ionals  f0 and fl can in fac t  be chosen  so that  x 0 ~ --• 

Cons ider  the fami ly  of e l e m e n t s  

( 1 - - Z ' ) x ~  6 E  (O~<Z,~< 1) 
x~ = ]l(i - x ) x 0  + ~x~ii 
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(s ince  x 0 ~ - -x  i, the x X a r e  de f ined  fo r  a l l  X~ [0, 1] and  f o r m  a con t inuous  c u r v e  in s p a c e  E). Denote  by FX 
the s e t  of func t iona l s  of ~R~, fo r  which  

The se t  F k i s c o n v e x ,  hence  i t  i s  c o n t a i n e d  e i t h e r  i n A o r i n B .  With ~ = 0 ,  F 0 c A ,  ~ =  1, F 1 ~ B; 
we se t  

~o = sup {~ : F~ c A}. 

A s s u m e  tha t  Fp~ ~ B. By def in i t ion  of k0, t h e r e  e x i s t s  a s equence  k n ~ ~0 s a t i s f y i n g  the cond i t ion  
F ~ a ~  A. Le t  f n 6 F ~ ;  s i n c e  the  s p h e r e  SI(E ' )  i s  c o m p a c t  in the topo logy  (r(E', E) [4], i t  can  be  a s s u m e d  
wi thout  l o s s  of g e n e r a l i t y  tha t  the fn c o n v e r g e  weak ly  to s o m e  func t iona l  ~ w  We have  

I [ .  (x~.) - -  11 = [ 1. (X~o - -  x~ . )  I ~ [[ x~o - -  x x .  II "~  0 

a s  n -~ % so  tha t  f ( x ~ )  = l i m f  n (x~0) = 1 and  f '~Fk0 = B. On the o t h e r  hand,  e v e r y  n e i g h b o r h o o d  [ i n  the  
topology  a (E ' ,  E) con t a in s  e l e m e n t s  fnEA.  We obta in  a c o n t r a d i c t i o n ,  s i n c e  the  s e t  B i s  open and  does  not  
i n t e r s e c t  A by h y p o t h e s i s .  

It c an  be shown s i m i l a r l y  tha t  the  a s s u m p t i o n  tha t  F ~  ~ A a l s o  l e a d s  to  a c o n t r a d i c t i o n .  QED. 

THEOREM 2. If the n o r m  of  s p a c e  E i s  smoo th ,  the s e t  ~l~ 1 wi l l  be l i n e a r l y  c o n n e c t e d  in the weak  
topology G(E', E). 

Proof. Let f0 and fl be arbitrary elements of the set ~q~ and let x i (i = O, I) be the points of St(E ) at 
which fi a t t a i n s  i t s  s u p r e m u m .  It  can  be a s s u m e d  wi thout  l o s s  of g e n e r a l i t y  tha t  x 0 ~ - -x  i. C o n s i d e r  the 
e l e m e n t  

O - -  ~) Xo + ~X~ 

Denote  by fPt the  func t iona l  which  a t t a i n s  i t s  n o r m s  on xp~ (s ince  the  n o r m  of E i s  smooth ,  such  a f u n c -  
t i ona l  i s  un ique ly  def ined) .  

Le t  us  show that  the  c u r v e  f~ (0 _< k -< 1) i s  con t inuous  in the  weak  topology  o(E ' ,  E). Le t  ~n ~ ~ -  
Since  SI(E ' )  i s  c o m p a c t  in the  weak  topo logy  G(E', E), i t  can  be a s s u m e d  tha t  fkn ~ f in the  topology  (r(E', E). 
Us ing  s i m i l a r  a r g u m e n t s  to  those  e m p l o y e d  in the  p r o o f  of T h e o r e m  1, we can  show tha t  f = f ~ .  QED. 

2. Let  us  now tu rn  to p r o p e r t i e s  of the s e t  Slq l i n k e d  wi th  c h a r a c t e r i z a t i o n  of the con juga te  Banach  

s p a c e s .  

THEOREM 3. Le t  M be a c l o s e d  s u b s p a e e  hav ing  the fo l lowing  p r o p e r t i e s :  

1) M is  dense  in the  weak  topo logy  (r(E', E); 

2) the n o r m  IlfU (f~M) i s  s m o o t h  on the s u b s p a c e  M. 

Then E i s  the  con juga te  s p a c e  to the  s u b s p a c e  M. 

P r o o f .  C o n s i d e r  the  s p a c e  M' con juga te  to s p a c e  M, f u r n i s h e d  with the  n o r m  I] II E ' -  It i s  e a s i l y  s een  
tha t  E ~ M' .  Denote  by i~q (M) the s e t  of a l l  con t inuous  l i n e a r  func t iona t s  which  a t t a in  t h e i r  s u p r e m u m  on 
the uni t  s p h e r e  of s p a c e  M. Le t  e be an a r b i t r a r y  e l e m e n t  of i~q(M); then t h e r e  e x i s t s  an e l e m e n t  f06M 
with  the  n o r m  IIf011 = 1, fo r  which  ~o(f0) = II(Pl[M,. On the o t h e r  hand,  t h e r e  e x i s t s  in the s p a c e  E an e l e m e n t  

x 0 such  tha t  

go (xo) - - l i xo / /~  = It q~ H.,,<,- 

I t  f o l l ows  f r o m  cond i t ion  2) tha t  x 0 = ~ ,  s o  tha t  F/~(M) N Si(M')  ~ St(E).  To c o m p l e t e  the p roo f ,  i t  
r e m a i n s  to app ly  the t h e o r e m  of Bishop  and  P h e l p s  to the e f fec t  tha t  the  s e t  F/l (M) i s  dense  wi th  r e s p e c t  to 
the  n o r m  of s p a c e  M (see  [1]). QED. 

It  m a y  be  r e c a l l e d  tha t  the  s e t  M ~ E' i s  s a i d  to be n o r m a t i v e  if  sup If(x)l/I]fll = Ilxll fo r  a l l  x 6 E  [5]. 

THEOREM 4. The n e c e s s a r y  and  su f f i c i en t  cond i t ion  fo r  a s e p a r a b l e  Banach  s p a c e  E to be con juga te  
to a Banach  s p a c e  F i s  tha t  t h e r e  e x i s t  in E' a c l o s e d  s u b s p a c e  M ~ !~q, e v e r y w h e r e  dense  in the  weak  
topo logy  (r(E',  E). 
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P r o o f .  The n e c e s s i t y  i s  obv ious .  To p r o v e  the su f f i c i ency ,  we note  tha t  the  fo l lowing  can  be p r o v e d ,  
by a r g u m e n t s  s i m i l a r  to  t hose  u s e d  in the p r o o f  of T h e o r e m  1 of [6]: if  M i s  a to ta l  c l o s e d  s u b s p a c e  of ~]~, 
e v e r y  con t inuous  l i n e a r  func t iona l  ~0 of M m a y  be  w r i t t e n  a s  

~ ( f )  = x (f), x E E ,  

so  tha t  M' i s  the  s a m e  a s  E. In v i ew of th i s ,  and  the f a m i l i a r  r e s u l t s  on t h e  e q u i v a l e n c e  of two c o m p a r a b l e  
c o m p I e t e  m e t r i z a b l e  t o p o l o g i e s ,  de f ined  on a v e c t o r  s p a c e  E, the  n o r m s  I]xll E and [Ixll M, m u s t  be equ iva l en t .  
We sha l l  show tha t  the  s u b s p a c e  M ~ E' i s  n o r m a t i v e .  This  l a t t e r  a s s e r t i o n  i s  e qu iva l e n t  to the  r e l a t i o n  
St(E ) = SI(M') .  The Inc lus iun  St(E ) ~-- SI(M' ) i s  obvious;  to p r o v e  the r e v e r s e  Inc lus ion ,  l e t  us  a s s u m e  tha t  
t h e r e  i s  an e l e m e n t  x of SI(M' ) which  does  not  be long  to St(E ). Then, s i n c e  St(E ) i s  c l o s e d  wi th  r e s p e c t  to 
the  n o r m  IIx][ M, in M",  t h e r e  m u s t  e x i s t  a con t inuous  l i n e a r  func t iona l  f0 with n o r m  {If0liM,, = 1, such  tha t  

sup]/o (x) i < 0~, 
~ceS~( E) 

where 0 < O < 1. Since the space M' = E is separable, the unit sphere of space M" is metr izable in the weak 
topology o(M", M').  We choose a sequence fnEM Ilfnll = 1 convergent to the element f0 in the weak topology 
~(M", M')  (see [4, Chap. 4, Sec. 5, Proposit ion 5]); here i t  can be assumed without loss of generali ty that 
Hfll -> 0 for every functional fEconv {fn}- Let {kn} be a sequence of positive numbers with ~ ~i = I; by 

Lemma 1 of [6], there exist a number e -< ~ -< 1 and a sequence {gn}, satisfying the following conditions: 

gn Ec~ {fn, fn+l . . . .  } fo r  e v e r y  n, [] E Xigi [[ = c~, and  fo r  any n, 
' = 1  

n 

i = 1  t=nq-~ 

It i m m e d i a t e l y  fo l lows  f r o m  the cho ice  of the  gn tha t  gn ~ f0 in the  weak topology  o(M", M' ). We s h a h  
have  r e a c h e d  a c o n t r a d i c t i o n  if  i t  can  be shown tha t  the e l e m e n t  

g -= ~ ;~igv 
i = l  

b e l o n g i n g  to M, does  not  a t t a i n  i t s  s u p r e m u m  on the  uni t  s p h e r e  SI(E ). F o r ,  l e t  x be a_~ e l e m e n t  of SI(E); 
we c h o o s e  an n such  tha t  

i f i  > n .  Then,  

QED.  

g,(x)<OZ< aO, 

f = l  1:~1 ~=nq- I  "=  i=n+l  

F r o m  th i s  and  the i n e q u a l i t y  (1) we have  

i = 1  i~n--~ l / i=nq-1 

We s h a l l  conc lude  with a f u r t h e r  cond i t ion  u n d e r  which  Banach  s p a c e s  a r e  con juga te .  

THEOREM 5. The n e c e s s a r y  and su f f i c i en t  cond i t ion  fo r  Banach  s p a c e  F to be con juga te  to a Banach  
s p a c e  E i s  tha t  t h e r e  e x i s t  in F a s e p a r a b l e  l o c a l l y  convex  topology  T, in which the uni t  s p h e r e  SI (F  ) of 
s p a c e  F i s  c o m p a c t .  

The n e c e s s i t y  fo l lows  r e a d i l y  f r o m  f a m i l i a r  r e s u l t s  (see  [4, Chap. 4, Sec.  5, P r o p o s i t i o n  1]). To 
p r o v e  the su f f i c i ency ,  we s h a l l  f i r s t  show tha t  the s p a c e  F '  T con juga te  to s p a c e  F,  f u r n i s h e d  wi th  the t o p o i -  
ogy T, is imbedded in F'. In fact, if fEF' T, then f is bounded on S(F), since S(F) is compact in the topology 
T; hence fEF '. 

Denote by F~F(F' ) the normed space which is obtained when the norm of space F' is introduced into 
the vector space F~. We consider the duality between spaces F and fEF~F and show that E' = F. To this 
end, we introduce into E a Maekey topology T(E, F) and a weak topology a(E, F), generated by the duality 
between E and F. It can easily be seen that the topology of space E, generated by the norm i]fi[F,, major- 
izes the weak topology a(E, F) and is majorized by the Mackey topology ~-(E, F). By Mackey's theorem 
(see [4, Chap. 4, Sec. 2]), the conjugate space E' is the same as F. Let us show that 
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sup I X q) I = [I x [lj,. 
tes(e) (2) 

This equation is equivalent to the fact  that the l inear  manifold E c F'  is no rmat ive  (see [5]). Since 
the sphere  S(F) is  compact  in the topology T, the sphere  S(F) is c losed in the topology a(F, F~r); in view 
of the c r i t e r ion  for  contiguousness (see [5, Sec. 3, Note]), it follows f r o m  this that the se t  E is  normat ive .  
QED. 

Note 1. It can be shown that Theorem 3 cea se s  to hold if condition 2) in it is  infringed. For ,  con-  
s ider  the space l 1 [0, 1], descr ibed  in the book [7], the conjugate space to which cons i s t s  of all bounded 
ftmctions defined in [0, 1]. The subspace M = C[0, 1] ~ (ll[0, 1])' = fool0, 1] and sa t i s f ies  all the conditions 
of Theorem 3 except  for  condition 2), yet  (C[0, 1])' ~ 11[0, 1]. This example  also shows that Theorem 4 
does not in genera l  hold for  a nonseparable  Banach space.  

The authors  s incere ly  thank Mr. R. C. J a m e s  for  the toan of his unpublished resu l t s ,  of which use 
has  been made in the p re sen t  ar t ic le .  
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